Clarkson's 
Public  School  AlGebrei 


SCHOLARS  EDITION. 


^K^ 


'^'i  jWd 


/^f7 


Digitized  by  the  Internet  Arcinive 

in  2009  witin  funding  from 

Ontario  Council  of  University  Libraries 


http://www.archive.org/details/publicschoolalgeOOclar 


Ike  M.  J.  ®age  Co.'a  Jttathtinatiral  §cxne. 

PUBLIC 

SCHOOL    ALGEBEA 


ON   THE 


INDUCTIVE    METHOD, 


INTENDED  AS  AN  INTRODUCTORY  SERIES 

OF 

DEVELOPMENT    LESSONS 

To  forvx  a  guide,  to  oral  teaching  and  a  thorough  introduction 

to  larger  works. 

BY 

C.  CLARKSON,  BA., 

Principal  of  Seaforth  Collegiate  Institute 

AND    FORMERLY 

Principal  of  the  Provincial  Model  School,    Toronto. 


SCHOLAR'S  EDITIOX. 


Thk  W.  J.   GAGE  COMPANY  (Limited), 

TORONTO. 


Entered  according  to  the  Act  of  Parliament  of  Canada,  in  the  year  1893,  in  the 
office  of  the  Minister  of  Agriculture,  by  W.  J.  Gage  &  Co.,  Toronto. 


INTRODUCTION. 


As  this  book  is  intendal  to  be  an  aid  to  oral  teaching,  all  defini- 
tions, and  all  explanations  of  merely  mechanical  matters,  are 
omitted.  The  author  is  convinced  that  in  a  first  book  of  algebra, 
printed  explanations  are  comparatively  useless  and  are  never  read  by 
the  pupil.  The  exercises  are  the  only  parts  of  much  consequence  to 
the  learner,  and  accordingly  this  book  contains  almost  nothing  but 
exercises.  The  pupils'  previous  knowledge  of  arithmetic  is  a  sufficient 
basis  without  postulating  a  series  of  abstract  definitions.  Upon  this 
basis  it  is  possible  to  begin,  and  the  pupil  may  be  lead  by  a  proper 
set  of  questions  to  find  out  the  facts  and  the  generalisations  of  algebra 
for  himself.     The    guiding    principles    are   to    follow   the 

LINE  OF  LEAST  RESISTANCE,  TO  SEEK  PRACTICAL  APPLICATIONS 
FROM  THE  COMMENCEMENT,   AND  TO  POSTPONE  ALL  MATTERS  THAT 

ARE  ABSTRUSE  to  a  second  and  more  advanced  course.  "Within 
these  lines  it  is  quite  practicable  to  commence  algebra  much  earlier 
than  is  usual  at  present,  and  the  pupil's  progress  in  arithmetic  is 
assisted  by  the  light  thrown  on  the  rules  of  interest,  discount,  alliga- 
tion, proportion,  etc. 

No  teacher  who  is  the  slave  of  the  text-book  will  be  likely  to 
approve  of  this  one,  which  contains  no  provision  for  mere  memory 
work  and  aims  to  appeal  to  reason  and  intelligence  at  every  stei>. 
Very  few  such  teachers,  however,  will  probably  teach  algebra,  and 
therefore  the  author  has  hoi>e  that  thesp  exercises  will  find  favor. 
To  be  useful  is  his  highest  hope  ;  to  have  accomplished  that  end  will 
be  of  itself  a  reward. 


ERRATA. 


TheJ'oUinoinfi  diangex  can  easily  he  made  with  a  pen.      The  author  icmilfi  h. 
(jlail  to  hare  a/i//  nthfr  .'<lfpf  of  the  j) res  f)  pointed  out/or  correction  ;— 


Page  43.  Ex.  58.  question  1  : — For  A^  -etc.,  read  A^  +. 
'•■     100.  No.  1.  question  1  :— For  -:)  ^Ir^v.  read  3  -  f  h\: 
110,  No.  17.  jLjuestion  3  : — For  -4x''^z'-\  read  ~4x'^z-. 
112.  No.  20.  ([uestion  3  : — For  (x  —  y)'-.  read  {x  -  1)"-. 

—  X  ti 

117.  No.  27.  t|uestion  7  (ii)  :  —  For  _.  read  'L. 

;")  i) 

'•     12r>.   last  line: — For  read 

(i  +  x  a-x 
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FUNDAMENTAL    CONCEPTIONS. 

Note. — ^Throughout  this  book  of  exercises  the  student  is  con- 
stantly required  to  use  the  knowledge  he  has  acquired  in  arith- 
metic and  to  generalise  it  by  means  of  the  language  of  algebra. 
The  object  of  the  first  exercise  is  to  establish  in  a  natural  manner 
the  connection  between  the  notation  of  arithmetic  and  the  more 
general  notation  of  algebra.  The  unit  is  the  same  in  each  ;  but 
the  characters  of  arithmetic  express  definite^  invariable  groups 
of  unitS;,  while  the  notation  of  algebra  symbolises  groups  that 
may  vary  from  time  to  time.  The  bridge  between  the  particular 
and  the  general  conception  requires  to  be  carefully  built,  and  it 
should  be  crossed  and  re-crossed  until  the  learner  has  a  clear  idea 
of  the  meaning  of  the  simplest  algebraical  expressions.  Exercise 
1  should  therefore  be  repeated  by  the  teacher  in  different  forms. 


Exercise  1. 


(1)  Unit  means  One.    What  is  the  unit  in  counting  a  flock  of 

pp.n  ?      Tn    ronntinjj'   ])onfs   hv   nnir*''*      Tn    cmnifiiui' po-o-ss  V»v'  t.ViP 


sheep?  In  counting  boots  by  pairs?  In  counting  eggs  by  the 
dozen  ?  In  bu3'ing  baskets  by  the  hundred  ?  Bricks  by  the 
thousand  ?     In  estimating  population  by  the  million  ? 

(2)  Show   by   examples   of   your  own  choosing  tliat  several 
smaller  units  may  be  taken  toa^ether  to  make  a  larsrer  unit. 

What  is  the  unit  in  measuring  length  by  inches?  By  feet?  By 
yards?     By  rods?     By  miles?     By  leagues? 
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(3)  If  unit  means  one,  can  this  one  in  any  case  be  divided  or 
decomposed  into  smaller  ones  or  units  ?  If  a  line  is  four  feet  five 
inches  long,  what  are  the  units  emploj^ed?  How  many  of  the 
small  units  make  one  large  unit  ? 

(4)  If  a  purse  contains  six  dollars  and  five  cents,  what  are  the 
two  units  employed  to  count  the  money?  How  many  of  the 
small  ones  make  one  large  unit  in  this  case  ? 

(5)  A  square  yard  contains  precisely  nine  square  feet,  an  acre 
contains  four  thousand  eight  hundred  and  forty  square  yards, 
what  are  the  units  mentioned  here  ?  How  many  of  the  small 
units  make  a  large  unit,  how  many  large  ones  make  a  largest 
unit  ? 


(6)  Arithmetical  Fiarures  denote  a  precise,  definite  number  of 
units  of  any  kind,  as  $5,  3  lbs.,  8  cents.     S5  =  SI  -I-  $1  +  SI  + 
$!  +  $!;  3  lbs.  =  llfb.  +  1  lb.  +1  lb.     What  does  H  cents  mean 
when  expressed  in  full  ?     9  horses  ?     6  bushels  ?    4  ?    7  ?    2  ? 

(7)  In  one  flock  there  are  67  sheep,  in  another  59,  and  a  third 
flock  is  too  distant  to  be  counted  exacth'.  How  can  we  repre- 
sent the  number  of  sheep  in  this  flock  ?  Will  arithmetical  figures 
do  ?  Are  there  any  more  general  characters  ?  Can  we  say  for 
the  present  that  the  third  flock  contains  x  sheep  ? 

(8)  The  distance  from  ^  to  B  is  4  miles  and  a  lofty  mountain  is 
visible  from  both  places,  but  its  distance  has  never  been  measured 
yet.  Will  it  do  for  the  present  to  say  that  the  mountain  is  x 
miles  from  A  and  y  miles  from  B  f 

(9)  If  three  towns  lie  in  a  straight  line  and  the  second  is  x 
miles  from  the  first,  and  the  third  y  miles  from  the  second,  find 
the  distance  between  the  first  and  the  third  in  the  following 
cases: — When  a?  =  5,  ,v  =  3;  whence  =  17,  y  —  \Z\  whence  =  435, 
2/ =  287;  cc  =  777,  2/  =  888;  02  =  5555,  2/ =  6666  miles. 

(10)  At  a  concert  there  were  x  men,  y  women,  and  s  children  ; 
set  down  an  expression  to  denote  the  number  of  the  people  pre- 
sent. If  ac  =  ll,  2/  =  19?  2=  1^?  ^ow  many  persons  were  present? 
If  cc  =  13,  .v  =  18,  2  =  27?  If  cc  =  58,  2/  =  29,  z  =  44?  If  ce=l, 
i/  =  7,  2  =  100? 

(11)  In  every  school  there  are  x  boys  and  y  girls;  find  the 
total  number  of  pupils  in  three  different  schools,  when  ar  =  27  and 
i/  =  33  in  the  first ;  cc  =  35,  2/  =  ^^  in  the  second;  a?  =  19,  2/=  23 
in  the  third. 

(1 2)  Find  the  value  of  cc  +  2/  +  s  +  ?i  -I-  ?^\  when  a?  =  2,  t/  =  3,  2  =  4, 
;c  =  5,  w  =  *o. 
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Note.  — As  soon  as  the  learner  lias  attained  a  clear  conception 
of  the  meaning  of  the  algebraic  symbols  a,  5C,  y,  w,  etc.,  by  a 
sound  process  of  induction,  he  may  begin  to  extend  his  arith- 
metical notion  of  multiplication.  The  object  of  Exercise  2  is  to 
lead  up  to  a  definite  and  precise  idea  of  multiplication  and  the 
algebraic  ways  of  representing  a  group  of  units  that  contains  in 
itself  a  certain  smaller  group  repeated  a  given  number  of  times. 
A  product  is  merely  the  sum  of  a  series  of  addends  which  are  all 
equal ;  and  multiplication  is  only  a  concise  method  of  finding 
this  sum  with  the  least  trouble.  The  connection  between  addi- 
tion and  multiplication  needs  to  be  thoroughly  impressed.  The 
difference  in  the  mode  of  expressing  the  product  in  arithmetic 
and  in  algebra  is  only  in  the  final  step  ;  thus  4x5,  and  ab  are 
the  same  ;  but  we  have  no  algebraic  expression  corresponding  to 
the  20,  in  4  X  5  =  20,  unless  we  give  a  and  h  particular  values. 


Exercise  2. 

(1)  If  2  means  1  +  1,3  means  1  4- 1  +  1  ;  4  means  1  +  1  +  1  +  1, 
and  so  forth,  then  x  means  1  +  1  +  1  +  1  +etc.  How  many  repe- 
titions of  the  unit  does  x  represent  ? 

(2)  If  2x3  =  2  +  2  +  2;  2x4  =  2  +  2  +  2  +  2;  what  does  a  x  5 
mean  ?     6x3?     cx9? 

(3)  If  6a  means  the  same  as  6  x  a,  what  does  2z/  mean  ?  4aj? 
119z?     43m?     6U? 

(4)  If  12  X  13  expresses  the  area  of  a  room  12  ft.  wide  and  13 
ft.  long,  what  does  xy  represent  ?     ah  f     ex  f     pq  f 

(5)  If  two  algebraic  expressions  are  written  together  with- 
out any  si^n  between  them,  as  +,  -,  x,  or  +,  what  is  meant  \ 
What  does  al  mean  ? 

(6)  If  18  X  12  X  6  represents  the  number  of  cubic  feet  in  a  pile 
of  wood  18  ft.  long,  12  ft.  wide,  and  6  ft.  high,  what  does  abc 
represent  ?     xyz  f 

(7)  What  is  the  price  of  x  horses  at  $51  apiece  ? 

(8)  What  is  the  price  of  x  horses  at  %y  apiece  ? 

(9)  How  many  pounds  are  there  in  x  tons  ? 

(10)  Find  the  value  of  4  bushels  at  x  cents  a  bushel,  and  7 
bushels  at  y  cents  a  bushel. 

(11)  John  goes  x  miles  a  day  for  5  days,  y  miles  a  day  for  the 
next  3  days,  and  z  miles  a  day  for  the  next  7  days  ;  how  far  has 
he  travelled  ? 
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(12)  In  a  store  there  are  a  counters,  in  each  counter  h  com- 
partments, in  each  compartment  c  drawers,  in  each  drawer  d 
divisions  ;  express  the  total  number  of  divisions. 

(13)  In  a  block  there  are  u'  houses,  each  house  has  x  rooms, 
and  in  each  room  y  people  ;    how  many  people  live  in  the  blook  ? 


Note. — Experience  shows  that  almost  every  learner  requires  a 
large  amount  of  drill  on  the  resemblances  and  the  differences  that 
exist  between  coeffi,cients  and  exponents.  Exercise  3  is  only  a 
specimen  of  the  kind  of  drill  required  to  establish  a  clear  line  of 
demarcation  between  the  meanings  of  these  symbols.  If  the 
teacher  has  the  time,  he  should  give  several  more  lessons  on  this 
topic,  taking  extreme  and  critical  examples  to  re-inforce  the 
impression  of  Ex.  3.  It  is  far  cheaper  to  prevent  confusion  than 
to  spend  time  in  correcting  it  afterwards.  If  the  fundamental 
ideas  are  not  grasped  thoroughly  the  pupil  will  not  make  satis- 
factory progress  in  the  later  stages. 

Ezercise  3. 

(1)  In  5a,  how  many  factors  ?     What  are  co-factors  ? 

(2)  Is  the  4  in  4?/  an  arithmetical  or  an  algebraic  factor  ? 

(3)  Is  the  6  in  6a:;  a  literal  or  a  numerical  factor  ? 

(4)  What  are  the  co-factors  in  xyz  f     In  ahc  ? 

(5)  Is  Coefficient  the  technical  word  for  co-factor  1 

(6)  How  many  coefficients  are  there  in  each  of  the  quantities 
a&,  cde,  wxyz,  ahcxyf 

(7)  In  6rt?>,  is  the  6  a  literal  or  numerical  coefficient  f  What 
do  you  call  the  a  and  the  h  f 

(8)  How  many  factors  in  6  x  6  ?     In  7  x  7  x  7  ?     In  8.8.8.8  ? 

(9)  Does  9. 9. 9  mean  the  same  as  9  x  9  x  9  ? 

(10)  Will  this  do  for  shortness  9x9x9=9.9.9  =  9^? 

(11)  If  2'  =2.2.2.2,  what  does  a-  mean?     «'  ?     a"> 

(12)  How  many  factors  are  there  in  a^  ^  ?     x^  ^  ?     in- '  ?    k^  ? 

(13)  If  one  side  of  a  square  room  is  19  feet,  write  the  algebraic 
expression  for  the  area  with  three  figures  only. 

(14)  If  18-  expresses  the  area  of  a  square,  will  it  do  to  read 
for  shortness  **  eighteen  square"  ? 

(15)  If  "seven  square"  is  written  7"-,  how  would  you  read  6^, 
11-,  125-,  a-,  C-,  X'-,  y-,  z- ? 
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(1(1)  If  the  area  of  a  room  is  d' ,  ^vllat  is  tlie  lenj^th  of  the 
side  ? 

(IT)  How  many  factors  are  there  in  cr  ?     In  a/^/ 

(IS)  If  fl  =  6  =  c,  is  a^  =abc?  If  all  the  factors  in  a  product 
are  equal,  how  do  we  write  that  product  for  shortness? 

(19)  If  tlie  side  of  a  cube  is  4,  is  the  solid  content  of  the  cube 
expressed  by  4  x  4  x  4  ?  Can  it  be  written  with  two  figures  alone? 
AVill  it  do  for  shortness  to  call  4^  '•  four  cube"  ? 

(20)  Find  the  value  of  x^  +y^  +2*,  when  x  =  b,  ?/  =  (),  z  =  l. 

(21)  If  we  write  7x7x7x7  with  two  figures  thus  7%  will  it 
do  for  shortness  to  read  7*  in  words,  '"seven  to  tlie  fourth 
power,"  or  simply  "seven  to  the  fourth"? 

(22)  If  4  is  raised  to  the  sixth  power,  how  many  factors  would 
the  product  contain?     "Would  these  factors  be  equal  factors? 

(23)  In  5^  how  manj'  equal  factors?  "What  kind  of  factors 
does  au  Exponent,  like  8  in  5*,  indicate? 

(24)  May  we  say  that  a  power  is  the  product  of  a  certain  num- 
ber of  equal  factors,  and  that  au  exponent  is  used  to  show  the 
number  of  these  equal  factors  ? 

(25)  li  ba  =  a  +  a  +  a  +  a  +  CL  and  « ''  =a  x  a  xa  x  a  x  a,  what  is 
the  difference  between  a  Coefficient  and  an  Exponent  I 

(26)  If  ba^  =  a^ +a^ +a^' +a^ +a^,  and  «^  itseU  =  a.a.a.a.a, 
how  many  a's  will  be  required  to  write  out  in  full  the  value  of 
6a'?     W?     IW? 

(27)  If  the  coefficient  of  x  is  19  and  its  exponent  is  8  and  x 
itself  is  =  2,  what  is  the  numerical  value  of  the  expression? 
Write  3'our  calculation  in  the  shortest  form. 

(28)  If  4  is  multiplied  by  six  equal  factors  each  of  which  is  m, 
express  the  product  by  using  three  characters.  Give  the  techni- 
cal name  of  each  character. 

(29)  If  lx2  =  2S 

1x2x2-2-, 

1  x2x2x2  =  2^,  etc.,  explain  fully  what  is  meant  bj- 
«^,  «-,  a\ 

(30)  1(  a^  =  1  X  a  X  axa  ;  a-  =lx  a  x  a  ]  a '  =  I  x  a  ,*  what 
does  rt*^*  mean  ?     If  ^  =  6,  find  the  value  of  a^   a',  a^  and  a". 

If  a"  =  1,  what  is  the  value  of  5x"  ? 
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Note. — The  Equation  has  been  used  already  in  Arithmetic  ; 
and  it  is  highly  desirable  that  the  pupil  should  learn  to  make 
some  practical  applications  of  algebra  as  soon  as  possible.  The 
simple  equation  has  onlj'  one  mystery,  viz.,  transposition^  and 
this  is  easy  to  explain.  It  is  better  in  all  the  first  stage  of  work 
to  avoid  the  doctrine  of  negative  quantities  as  much  as  possible, 
to  proceed,  in  fact,  along  the  line  of  least  resistance  and  learn 
the  simplest  things  first.  The  examples  chosen  should^  there- 
fore, have  positive  roots  onh\  The  pupil  should  be  encour- 
aged to  make  simple  equations  and  problems  leading  to  sim- 
ple equations  for  himself.  He  should  also  be  trained  to 
Verify  his  solutions  by  substituting  in  the  ^iren  equation 
the  root,  and  he  will  thus  get  a  practical  knowledge  of  the 
identity  as  distinguished  from  the  equation.  Only  one  particu- 
lar value  will  turn  the  equation  into  an  identity. 

Exercise  4. 

(1)  If  00!^  =  60,  what  must  be  the  value  of  x? 

(2)  If  15a?  — 45  =  0,  what  does  this  expression  become  when  45 
is  added  to  each  side  of  the  equation  ?     What  is  the  value  oix? 

(3)  If  6x  =  3a  +  26,  what  is  the  value  of  x  when  a  =4,  6  =  6? 

(4)  When  a  =  6,  6  =  3? 

(5)  In  the  equation  9a:  + 15  =  8x  +  19,  subtract  15  from  the 
equal  quantities,  and  next  subtract  8x  from  each  side.  What  is 
the  value  of  x  f 

(6)  In  the  equation  2x  -  7  =  cc  -  4,  reduce  the  expression  to  the 
form  shown  in  question  1,  and  thus  find  the  value  of  x. 

(7)  In  the  equation  3a:  4-8  4- 7cc  =  4^^4-56,  transpose  the  num- 
erical quantities  to  the  right  and  the  literal  quantities  to  the  left 
and  thus  find  the  value  of  x. 

(8)  In  the  equation  Zx  -  21  =0,  how  is  the  sign  of  -  21  affected 
by  transposition?     Find  x. 

(9)  Show  that  2x4-  24  =  100  is  the  algebraic  translation  of  this 
question  :  —  '^If  my  money  were  doubled  and  S24  added  I  should 
have  $100,  how  many  dollars  have  I  ?  "     Find  the  sum  =  a:. 

(10)  Show  that  2.r4-24  =  100  is  the  algebraic  shorthand  to 
express  the  following  problem: — '-If  I  live  twice  as  long  as  I 
have  already  lived  and  24  j'ears  more  I  shall  be  100  years  old, 
what  is  my  present  age?"  Solve  the  equation  and  find  the 
number. 
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(11)  By  means  of  an  equation  find  a  number  such  that  if  24 
be  added  to  the  double  of  it  the  sum  will  be  100. 

(12)  A  son's  age  is  x,  his  father  is  three  times  as  old,  and  both 
their  ages  added  together  make  64,  find  x. 

(13)  A  piece  of  cloth  contains  cc  j'ards.  and  for  SlOO  I  can  buy 
this  roll  and  another  of  the  same  length.  The  price  of  the  first 
piece  is  $3  a  yard,  and  of  the  other  $2  a  yard.  Find  x  by  an 
equation. 

(14)  A  cistern  can  be  fillled  in  x  minutes  by  two  pipes,  which 
carry  8  barrels  and  12  barrels  of  water  per  minute.  If  the  cis- 
tern holds  100  barrels,  form  an  equation  and  find  x. 

(15)  Multiply  every  term  of  the  equation  x-\-\x-\-\x  =  \\  by  6, 
and  thus  find  the  value  x. 

(16)  What  multiplier  will  clear  of  fractions  the  equation 
\x  +  \x  +  i J?  =  26  ?     What  is  the  value  of  x  f 

(17)  Multiply  every  term  of  the  equation 

ia?-l- 3.r4-ix  +  45=448  by  some  number  that  will  clear  it 
of  fractions,  and  find  x. 

(18)  If  45  be  added  to  "half  a  certain  number,  x,  and  one-third 
and  one-fourth  of  the  number  l)e  added  to  the  sum,  the  result  is 
448;  find  x. 

(19)  One-third  of  my  money  exceeds  one-fourth  of  it  by  §16  ; 
if  ic  =  the  number  of  dollars  I  have,  find  x  by  an  equation. 

(20)  A  fish  was  cut  into  three  pieces  ;  the  tail  weighed  9 
pounds,  the  body  2x  pounds,  and  the  head  as  much  as  the  tail 
and  half  the  body,  and  the  body  as  much  as  the  head  and  tail 
together.     Find  the  weight  of  each  part  and  of  the  whole  fish. 


Note. — This  is  a  review  exercise  in  which  si)ecial  emphasis  is 
laid  on  the  meaning  of  the  sign  +  .  The  exercises  in  substitution 
will  confirm  the  pupil's  knowledge  of  the  connection  between 
arithmetic  and  algebra.  The  teacher  should,  if  time  permits, 
change  numerical  values  given,  and  thus  repeat  this  exercise  a 
number  of  times.  Spend  time  here,  and  save  it.  All  progress 
in  the  higher  stages  depends  on  a  full  mastery  of  the  grammar 
of  the  new  language  the  pupil  is  learning. 

Exercise  5. 

(1)  Express  in  one  line  by  means  of  the  si^rn  Plus  the  sum  of 
1,  2,  3.  4,  5,  6,  7,  8,  9. 
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(2)  Write  down  in  one  line  the  sum  of  a,  b,  c,  d,  e. 

(•^>)  If  <7  =  1,  h  =  2,  c  =  3,  (^Z  — 4.  e  =  5,  find  the  numerical  value 
of  '2a  +  oh  +  4c  +  bd  +  6e. 

(4 )  With  the  same  values  find  the  number  equal  to  the  sum  of 
a-]  b\  c\  d%  e\ 

(o)  "With  the  same  values  find  the  numerical  expression  for 
2ab  +  ?jcd  +  Abd  +  'obc. 

(G)  With  the  same  values  find  the  number  equal  to 
a^  +  be  +  c^'  +  ef,  where /=:0. 

(7)  With  the  same  values  find  the  number  equal  to 

a     b     c     e 
-  +  -  +  -  +  -. 
o    c    d    a 

(8)  With  the  same  values  find  the  sum  of 

2a^+3a-^  +Aa^  +ba'^  +Ga^  +  la^  +Sa^  -\-9a^  ;  and  of 
%■'  +Sb''  +  lb'+  66^  +  56«  +  46 '  +  'db\ 

(9)  What  is  the  value  of  abc +  bcd  ■\- cde  ■\- eab  with  the  same 
numbers  as  before  ? 

(10)  Express  x  pounds  +  y  ounces  in  ounces. 

(11)  Express  5a^  +  3?/  dollars  in  cents. 

abed 

(12)  Find  the  numerical  value  of  the  product  of  y  x  -  x  j  x  -• 

Write  this  expression  in  a  shorter  form  using  some  other  symbol 
for  X  . 

(13)  John  is  X  years  old  to-day,  in  five  years  more  he  will  be 
half  as  old  as  his  father,  find  his  father's  present  age,  if  a' =  16, 
if  a,' =  18,  if  cc  =  20. 

(14)  Solve  the  equation  \x  +  ^a?  =  cc  -  3. 


Note. — In  a  first  lesson  on  the  meaning  of  the  sign  — ,  and  on 
the  use  of  the  bracket,  it  would  be  highly  imprudent  to  plunge 
the  learner  into  the  difficult  and  somewhat  unsettled  doctrine  of 
negatives  quantities.  Impatience  spoils  all  good  teaching. 
Exercises  6  and  7  give  the  pupil  a  working  knowledge  of  brackets 
and  of  the  meaning  of  the  minus  sign.  Let  him  learn  the  simple 
parts  first,  and  the  more  difficult  things  last.  Rapid  progress 
can  take  place  only  when  this  rule  is  strictly  observed.  The 
case  of  a  -  b  when  b  is  greater  than  a  must  be  deferred  at  present. 


THE   SIGN     -  . 


Exercise  6. 


(1)  Use  the  sign  Minus  to  express  the  final  result  when  1,  2, 
3,  4,  5,  6,  1,  8,  and  9  are  successively  subtracted  from  r)0. 

(2)  Use  the  sign  —  to  express  the  final  result  when  a,  h,  c,  d, 
e,  andy*  are  successively  subtracted  from  x. 

(3)  If  rt  =  50,  6  =  1,  c  =  2,  6^  =  3,  e  =  4, /=5,  find  the  numerical 
value  oi  a  -h-c  —  d  ~e  -f. 

(4)  What  is  the  value  of  15  -  8  ?     Of  15  -  (5  +  3)  ? 

(5)  How  much  is  (8  +  7)  -  (5  +  3)  ?  What  is  the  meaning  of  a 
Bracket  enclosing  two  or  more  numhers  ? 

(6)  If  15-8  =  7,  how  much  is  15 -(6 -4? 2)? 

(7)  How  should  15-(6-t-2)  be  written  if  the  bracket  be  not 
used  ?     Is  15-6  +  2  correct  ? 

(8)  In  the  expression  15  —  (6  +  2)  how  much  are  we  to  subtract 
from  15  ?  If  we  write  15-6  have  we  subtracted  as  much  as  is 
required  ?  How  much  more  should  we  subtract  to  get  the  cor- 
rect remainder  ?  Write  the  correct  expression  when  tlie  bracket 
is  removed. 

(9)  If  the  bracket  be  removed  from  11 -(5  +  3),  what  will  be 
the  sign  of  the  3  ? 

(10)  If  the  bracket  be  removed  from  11  -(5  —  3),  what  will  be 
the  sign  of  the  3  ?     Is  it  correct  to  write  11  —  5  —  3? 

(11)  If  a  minus  sign  stands  before  a  bracket,  what  must  be 
done  with  all  the  signs  within  the  bracket  when  we  remove 
the  bracket? 

(12)  Express  rt  -  (6  +  c) ;  a-(6-c);  a-{b-\-c-\-d); 
a  -  {a-h  —  c) ;  «-(/>-  c  +  d)  without  brackets. 

Ezercise  7. 

(1)  Remove  the  brackets  and  find  the  remainder  in  the  expres- 
sion (2a  +  36)-(«  +  6). 

(2)  Simplifv   by   adding   or    subtracting   the    like   terms    in 

(3a-+4a^)-(2a2  -Sa^). 

(3)  When  a  man  has  walked  eastward  5  miles,  suppose  we 
say  he  has  travelled  +  5  miles  ;  what  ought  we  to  say  of  another 
person  who  has  gone  6  miles  westward '? 

(4)  If  a  boy  has  walked  11  miles  southward  and  has  returned 
5  miles  nortlnvard,  express  liis  distance  from  the  starting  point 
by  means  of  a  minus  sign. 
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(5)  If  a  man  owns  $6,000  in  cash,  and  owes  S2,000,  express 
his  present  worth  by  means  of  a  minus  sign. 

(6)  If  a  train  goes  forward  x  miles  and  then  backs  up  y  miles, 
how  far  is  the  train  from  the  point  of  departure  ? 

(7)  If  Mr.  Johnson  has  x  dollars  in  the  bank  and  owes  y  dol- 
lars to  different  people,  how  can  we  express  what  he  would  have 
when  his  debts  are  all  paid  ? 

(8)  If  YOU  give  me  a  dollars  and  I  paj'  you  back  y  dollars  in 
change,  how  much  have  I  received  ? 

(9)  Make  up  the  balance  in  the  following  cash  book: — On 
hand  $(25jc  +  37?/)  ;  1st  day,  received  %\^x  and  paid  $11?//  2nd 
day,  received  %V6y  and.  paid  %'^\x;  3rd  day,  received  $41cc  and 
paid  $75?/;  4th  day,  received  SlOO?/  and  paid  S37?/;  5th  day, 
received  $18x  and  paid  %\\\y  \  6th  day,  received  $253x  and 
paid  %My. 


Note. — The  student  who  has  carefully  worked  the  preceding 
exercises  has  already  learned  enough  algebra  to  enable  him  to 
proceed  without  very  much  assistance.  His  previous  knowledge 
of  arithmetic  comes  to  his  aid  at  every  step,  and  he  will  soon  be 
prepared  to  use  this  new  language  to  find  general  solutions  of 
problems  formerly  solved  by  the  particular  analysis  of  arithmetic. 
Exercises  8  to  14  supply  further  practice  in  translation  of  arith- 
metic into  algebra,  and  give  a  little  wider  knowledge  of  the 
simple  equation  and  easy  applications  to  practical  questions. 
The  method  of  expressing  the  relations  of  the  numbers  involved 
in  a  problem  by  means  of  an  equation  has  already  been  partly 
exhibited.  Exercise  9  gives  more  examples.  The  pupil  should 
be  encouraged  to  make  new  problems  to  lit  the  same  equation. 
Most  of  the  equations  in  Exercise  12  may  be  used  as  an  exercise 
of  this  kind,  and  a  good  deal  of  the  oral  teaching  should  be 
directed  to  this  translation  of  problems  into  equations  and  trans- 
lation of  equations  into  problems.  The  pupil  can  easily  solve 
the  equations  without  much  help. 

Exercise  8. 

Find  the  sum  or  aggregate  of  the  following  quantities  :  — 

(1)  2a  4-  3ft  +  5rt  -  26  -I-  2a  -  3ft  4- «  -  36  -  4a  -  56  -  6fl  + 1 1&  +  19rt. 

(2)  5cc*  +  3.r^  -}-  1x-  -  3x*  -  Zx'  -  5x-  +  ll.r *  -  6i'-  +  Ix' 

-4x'-3ic3-2cc2. 

(3)  4a6  +  5ac  +  6fte  -  7ftc  -  6aft  -  lac  +  Sftc  +  25r/c  -  1  Iftc  +  Gaft. 
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(4)  Ua*+l^b*  +  i('^c*  -VJc*  -  Uh'  -^a*  +^h'  -^a*  +2\c*  + 

25a*. 

(5)  (a  +  6  +  c)  +  (2a-26-2c)-(3rt-36-3c)  +  (4rt  +  464-4c). 

(6)  ^{a  +  b)  +  G{a  +  h)-A(a  +  b)-S(a  +  b}  +  n(a  +  b). 

(7)  ha  -  ^b  -lc  +  la+  lb  +  ^c  -  ^a  -  ^b  +  ic 

(9)  «  -  26  +  3c  +  a  -  y^  +  Jc  +  la  +  26  +  ^c  -  |rt. 

(10)  $x  +  £y+t  shillings +  i^  cents  +  a  dimes +  $135/>,  taking 
£1  =$4,  Is.  =20  cents.     Give  the  answer  in  cents. 

(11)  '2bab  +  c+  •9%  +  3«i^j  +  2c+  -016+  -Ibab  +  b. 

(12)  Ah.  +B  yd.  4-  C  in.     Give  the  answer  in  inches. 

(13)  From  Qx^+ix  +  T  take  the  sum  of  2a::^ +4a:;= +9,  and 
ix^  -x^  4-4x-2. 

Exercise  9. 

(1)  If  x  +  45  =  4x,  find  the  value  of  x. 

(2)  If  I  had  $45  more  than  I  now  have  in  ray  purse,  I  should 
have  four  times  as  much  as  I  have  at  present.  How  many  dol- 
lars are  there  in  my  purse  ? 

(3)  If  ^x  +  '^x^llQ,  what  is  the  value  of  x^ 

(4)  A  quarter  of  my  money  added  to  one-seventh  of  my  money 
just  makes  $176.     How  many  dollars  have  I? 

(5)  A  horse  cost  three  times  as  much  as  the  buggy,  and  the 
rig  was  worth  $300,  including  a  set  of  line  harness  worth  S48. 
Find  the  price  of  the  horse. 

(6)  If  I  pay  my  men  $2^  j^er  day,  I  shall  make  $10  per  day  on 
the  contract,  but  if  I  pay  them  $3  per  day,  I  shall  lose  $18  per 
day.  How  many  workmen  have  I,  and  how  much  do  I  receive 
per  day  ? 

(7)  The  owners  of  a  steamboat  make  $30  per  day  each,  but  if 
the  number  of  partners  were  decreased  by  five,  the  profits  would 
be  $40  each  per  daj-.     How  many  owners  are  there  ? 

Exercise  10. 

(1)  A  man  walked  71  miles  in  three  days.  He  walked  3  miles 
more  the  second  day  than  on  the  first,  and  5  miles  more  the  third 
day  than  on  the  second.     How  far  did  he  travel  the  first  day  ? 

(2)  Divide  $G,900  among  four  sons,  so  that  each  shall  have 
$150  more  than  his  next  younger  brother. 


12  PUBLIC   SCHOOL   ALGEBRA. 

(3)  Two  fields  together  measure  50  acres  ;  the  smaller  contains 
10  acres  less-  than  half  the  larger.     Find  the  size  of  each. 

(4)  Ten  people  bought  a  bicycle  on  shares,  but  four  of  them 
backed  out  of  the  bargain,  and  consequenth'  the  rest  had  to  paj' 
$8  apiece  more  than  they  intended  ;  what  did  the  machine  cost  ? 

(5)  Solve  the  equation  2.r  +  3 (Gcc -5)-5  =  a?-l. 

(6)  In  1892  Jones  had  twice  as  much  capital  as  Brown  ;  but 
in  1893,  Jones  made  8500,  Brown  lost  S300,  by  the  price  of 
wheat  declining  to  60  cents  per  bushel.  Jones  is  now  worth 
three  times  as  much  as  Brown.     What  capital  had  each  in  1892  ? 

(7)  A  father  is  now  three  times  as  old  as  his  son,  but  8  years 
ago  he  was  seven  times  as  old.  How  old  will  each  be  when  the 
father  is  twice  as  old  as  his  son  ? 

Ezercise  11. 

(1)  Evaluate  ^i  +  ^±?  -  2.^±^.  when  x  =  h. 

x+1     x-S         x-2 

(2)  If  ac  =  19,  find  the  numerical  value  of  the  expression 

Ix  +  b     9x-l  _x-9     ^x-S 
23        ~1^       ~D~     ~1I^' 

(3)  When  a  =  4.  b  =  3.  c  =  2,  ascertain  what  number  corre- 
sponds to  the  expression 

oa-b+ +  abc  +  —  4-  —  + 


b^      a^+b^+c* 

(4)  Express  in  shortest  form  ha-^bi-^c  +  ^a  —  ^b-^c  +  ^a-h 
Ib  +  hc. 

(5)  Add  together 
a--3a5-ft&2+25--p3+c=4-a5-i?>'+&'+2aZ>-i6^ 

(6)  A  boy  being  told  to  divide  one-half  of  a  certain  number  bj'- 
4  and  the  other  half  by  6,  and  to  add  the  two  quotients,  attempted 
to  get  the  sum  by  dividing  the  whole  number  by  5,  but  his  answer 
was  too  small  by  2.     Find  the  number  that  was  given. 

Ezercise  12. 
Find  the  value  of  x  in  each  of  the  following  equations : — 

(1)  6x  +  2(ll-cc)-3(19-a»). 

(2)  3(a:  +  l)-f-2(.x-f2)  =  32. 
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(3)  'Sx-2{bx  +  i)=2{ix-d). 

(4)  6(3 -2a;)  =  24-4(4^-5). 

(5)  45-4(jc-2)  =  5(x  +  2). 

(6)  ----^  +  -  =  -.     N.B.— Multiply  botli  sides  bv  12. 
^^23434 

(7)  ?4-?  +  ?_?=17.     Multiply  through  bv  ^50. 
^  ^   5     4     3      2  I  J  h       . 

(S)  ??-?5  +  l  =  ?-4i. 
14     21     3     4 

(10)  ^-U-h—+-==—t 
^     ^  4       -     5^     2      5i 

(11)  ^(x  +  6)--i(lG-3.rj=4^ 

(12)  -i-,-(3aj  +  3)4-M'-K-4)-A-j:T^  +  l)  =  2. 

Ezercise  13. 

(1)  Divide  a  rope  33  feet  long  into  four  parts,  so  that  the 
second  piece  is  18  inches  longer  than  the  first,  the  third  30  inches 
longer  than  the  second,  and  the  fourth  3^  feet  longer  than  the 
third. 

(2)  The  ages  of  a  man  and  his  wife  amount  to  80  j^ears,  and 
^  20  3'ears  ago  the  woman  was  two-thirds  the  age  of  her  husband. 

What  was  the  sum  of  their  ages  at  that  time  ? 

(3)  Find  a  number  such  that  if  it  be  divided  into  two  equal 
parts  or  into  fhi^ee  equal  parts,  the  continued  product  of  the  parts 
shall  be  the  same. 

(4)  A  butcher  bought  a  number  of  sheep  for  $376,  but  7  of 
them  were  lost  on  the  way  to  market.  He  sold  one-fourth  of  the 
remainder  at  cost  for  S80.     How  man}'  had  he  left  ? 

(5)  Divide  S5,000  into  two  sums  such  that  being  placed  at 
simple  interest,  the  first  for  G  years  at  10^/',  and  the  second  for  8 
j'ears  at  5^i..  the  amounts  may  be  equal. 

(())  Mj'  farm  cost  ST.')  an  acre;  I  reserved  10  acres  and  sold 
the  rest  at  -"^SO  an  arre.  clearing  .^40  more  than  the  cost  of  the 
whole.     How  many  acres  were  tliere  in  the  farm  ? 

(7)  -^i{Sx  +  l)-\{U'-ei)  =  ii{bx-G),^udx.    (Multiply  by  14.) 
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Note. — Exercises  14  to  21  inclusive  are  intended  to  develop 
more  completely  the  doctrine  of  multiplication.  There  is  no 
difficulty  in  doing  this  so  long  as  the  —  sign  is  not  used.  But 
when  this  sign  occurs  it  becomes  necessary  to  notice  that  algebra 
has  carried  us  beyond  the  ordinary  arithmetical  multiplication, 
and  that  new  cases  have  arisen  to  which  we  must  give  some 
meaning  not  contradictory  of  the  arithmetical  meaning  alreadj' 
agreed  upon.  Analogy  shows  that  +  multiplied  by  —  gives  a 
product  with  a  —  sign,  and  that  —  multiplied  by  —  gives  a  pro- 
duct with  a  +  sign.  We  therefore  extend  the  meaning  of  the 
signs  to  include  these  cases.  A  convention  of  this  kind  becomes 
necessary  whenever  a  sign  formerly  used  in  arithmetic  is 
employed  in  new  cases  that  did  not  occur  in  arithmetic.  There 
is  no  proper  proof  of  these  extensions  beyond  showing  by  exam- 
ples what  must  be  the  consistent  interpretation  in  the  wider 
sense,  referring  always  to  the  original  meaning  for  guidance. 


Ezercise  14. 

« 

(1)  The  sign  x  is  read  into  and  means  that  the  product  of  two 
numbers  is  to  be  taken  ;  thus  4  x  3  =  12. 

(2)  The  product  of  a  multiplied  hy  h  is  written  a  x  h,  or  a.h.  or 
simply  ah.  What  does  xy  mean?  When  two  algebraic  expres- 
sions are  written  close  together,  what  operation  is  indicated  ? 

(3)  Find  the  valiie  of  ah  when  a  =  1234,  and  6  =  5678. 

(4)  Express   in    shortest    form    a -\- a -\- a  +  a -\- a -k- a  +  a -\-e\Q . , 
when  there  are  x  of  these  rt's.     Find  the  value  when  a  =  1,  cc  =  2  ;  * 
when  a  =  777,  0^  =  888;  when  a  =  21,  a:!  =  23. 

(5)  If  km  means  the  product  of  k  multiplied  by  ??i,  what  does 
k{a  +  6)  mean ?     What  does  {a ■\-h)  {c->r d)  mean  ? 

(G)  Express  k{a-\-h)  without  the  bracket.  Express  ic{a-\-h) 
without  the  bracket.   Express  {k  +  m)  [a  +  h)  without  the  brackets. 

(7)  Multiply  x  +  yhj  z  +  k. 

(8)  Multiply  Qx  by  y ;  by  21/ ;  by  oy  ;  by  Ixy  ;  by  2cC^. 

(9)  Multiply  3a  -i-  26  by  la  -\-  bb ;  also  by  9rt  +  86. 

(10)  What  is  the  product  of  3a,  2a,  and  a  ? 

(11)  Find  the  price  of  a  4-6  horses  at  %x  apiece  ;  at  $5a?  apiece. 

(12)  Multiply  a-  -h2a6-t-6=  by  a"  -l-3a6-l-6-. 
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Exercise  15. 


(1)  If  k(a-\-b)  =  ka-\-kb,  what  does  k{a-b)  represent? 

(2)  If  k(a  - h)  =  ka  -  kh,  what  does  this  become  when  k  =  c-\-d? 

(3)  If  (a  - h)  {c  +  d)=ac-\-ad  -he- hd,  what  must  be  the  pro- 
duct in  each  of  the  following  cases,  (  +  a)  (  +  c),  (  +  a)  {  +  d), 
{-h)i  +  c),{-b){  +  d)? 

(4)  If  two  plus  quantities  are  multipled,  what  is  the  sign  of 
their  product  ? 

(0)  If  a  plus  quantity  and  a  minus  quantity  are  multiplied, 
what  is  the  sign  of  their  product  ? 

(G)  If  k{a  -b)  =^  ka  —  kb,  what  does  this  Ijecome  when  k  =  c  —  d? 

(7)  If  (c  —  d)  {a -b)^ac  —  bc —  ad +  bd,  what  must  be  the  i)ro- 
duct  in  the  following  cases,  {  +  c)  (  +  «),  (  +  c)  (-6),  {-d)(  +  a), 
(-d){-b)? 

(8)  If  two  Minus  quantities  are  multiplied,  what  is  the 
Si^n  of  their  product  ? 

(9)  If  a  man  walks  east  (  +  5)  miles  for  G  successive  days, 
express  his  distance  from  the  starting  point. 

(10)  If  a  man  walks  west  (-5)  miles  per  day  for  G  da\\s, 
express  his  distance  from  the  starting  point. 

(1 1 )  Multiply  a-b-chy  d-e -/. 

Exercise  16. 

(1)  Positive  quantities  have  the  sign  4-  before  them,  either 
expressed  or  understood.  Neg'ative  quantities  have  -  before 
them,  and  it  is  always  written,  not  in  any  case  understood. 
Name  each  term  of  the  expression  a-b  +  c-d-e+f  as  positive 
or  negative. 

(2)  Review  Exercise  15  and  from  the  examples  make  a  rule  for 
the  signs  of  the  product  of  algebraic  quantities  with  Like 
Signs,  and  also  for  the  product  of  quantities  w  ith  Unlike  Signs. 

(3)  If  I  walk  five  yards  north,  and  then  turn  back  and  walk 
five  miles  south,  how  far  am  I  from  the  starting  point  ? 

(4)  If  I  gain  $5  and  lose  $5,  how  much  richer  am  I  ? 

(5)  If  X  j>eople  come  in  and  x  people  go  out,  how  many  more 
persons  are  there  in  the  room  than  before  ? 

(6)  What  is  the  sum  of  (  +  5)  and  (  -  5)  ?     Of  +  x  -  a* .? 
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(7)  If  a  — rt  =  0,  multiply  both  sides  by  ft,  and  also  subtract  db 
from  both  sides.     What  does  this  prove  about  {-a)  {  +  b)? 

(8)  If  a-a  =  0,  multiply  both  sides  by  {-b),  and  also  add  ah 
to  both  sides.     "What  does  this  prove  about  (-a)  {  —  b)? 

(9)  Prove  that  {a)  {-b)  =  (-a)  ( +  &),  and  that  {-a)  {-b)  = 

Ezercise  17. 

(1)  a^  =a.a,  a^  =a.a.a  ;  express  in  full  a'^.a'^. 

(2)  If  a'.a^  =a.a.a.a.a,  express  this  product  by  means  of  one 
letter  and  one  figure. 

(3)  If  cc^  is  the  product  of  7  equal  factors,  and  cc^  Ms  the  pro- 
duct of  11  such  equal  factors,  how  many  factors  must  there  be 
in  the  product  of  x".  cc^  ^  ?  "What  is  the  short  way  of  writing 
the  i^roduct  of  18  factors,  each  equal  to  x  f 

(4)  If  2x  multiplied  by  3i/  =  2.  a?.  3.  ?/  =  Gcc?/?  what  is  the  product 
of  8cc  multiplied  bv  ^yf  Of  8ic  multiplied  by  -^y^?  Of  -8a- 
multipledbv-%.^     6i^a'X^a^'>     Oi -^a' x^a'''^     Oi-^x-' 

(5)  If  a^rt■'=a'+^  and  ^^25^628^^125+628^  ^^^  .  express 
the  product  of  a^  .  av  ;  oi  x^  .  y^  ;  of  a»^  a«  . 

(6)  In  4cc^  ".oa^^^,  point  out  the  coefficients^  the  exponents  and 
the  literal  factors.  State  what  is  done  with  each  when  we 
write  down  the  product. 

(7)  Make  a  rule  about  coefficients  and  exponents  when  Like 
quantities  are  multiplied  tog-ether. 

Ezercise  18. 

(1)  Find  the  product  of  «  +  5  multiplied  by  -  5. 

(2)  A  certain  quantitj''  has  two  factors,  viz.,  a-6andc-rf, 
what  is  the  quantity  ? 

(3)  Multiply  a  +  6  by  rt  +  6,  and  this  product  by  a  +  6  again. 

(4)  What  is  the  value  of  {a-\-b)'  and  of  {a-\-bY  when  written 
in  full  ? 

(5)  li(a-\-by=a-^-2ab  +  b~,  find  the  square  of  (^/4-l)  without 
actuallj^  multiplying.     N.  B. — Put  6  =  1. 

(6)  Multiply  a'->r^a"-b  +  ^ab'+b'  by  a2+2a/>  +  />=.  What  ife 
the  expanded  form  of  («  +  ?>)•'  ? 
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(7)  Find  the  expanded  values  of  {x-\-y)',  (ic  +  y)^,  (x  +  y)\ 
{x-\-yY  and  {x-\-yY.  Learn  these  results  by  heart  so  that 
you  can  set  them  down  hy  copying  from  memory. 

(8)  Multiply  4a ^  +3a^  +2a-  +a  by  4«*  -3a^  -  2a-  +(i. 

(9)  Multiply  263rt^-« +259  by  1251rti '  ^^ +427. 

(10)  Multiply  -  rt'"^  by  777a. 

(11)  Multiply  -  555a^  bycca^^^. 

(12)  What  is  the  product  of  -  2x~  and  2x'-"  '?     Of  a  x  cr'  ? 

(13)  Simplifj'  by  expansion 

^ ^ J  1  2  3  4  o  6  7  S  9  0  _j.  ^  9  8  7  6  5  4  3  2  1  0  ^1    (-  ^^  1  2  3  _^  ^^  4  :.  G  ^  ^ 

Ezercise  19. 

(1)  Pind  the  price  of  25x  sheep  at  $5  apiece. 

(2)  Make  up  the  following  account : — a  pounds  of  j)epper  @  h 
cents  per  pound,  b  pounds  of  coffee  @  a  cents  per  pound,  c  pounds 
of  figs  @  d  cents  per  pound,  d  pounds  of  raisins  @  c  cents  per 
pound,  and  5  pounds  of  tea  @  25  cents  per  pound. 

(3)  I  met  X  men,  each  m.an  had  x  bags,  each  bag  held  x  cats, 
and  each  cat  had  x  kittens.  How  many  kittens  were  there  ? 
Find  the  price  of  the  cat  skins  at  y  cents  apiece  for  the  old  cats 
and  z  cents  apiece  for  the  kittens. 

(4)  A  certain  old  couple  had  a  sons  and  b  daughters  ;  each  of 
their  sons  had  c  sons  and  d  daughters,  and  each  of  their  daugh- 
ters had  X  sons  and  y  daughters.  In  the  third  generation  each 
grandson  had  w  boj's  and  5  girls,  and  each  grand-daughter  had 
z  boys  and  6  girls.  Tell  quickly  how  many  great-grand  children 
this  happy  old  couple  had  at  their  golden  wedding  which  took 
place  in  Julj^,  1886. 

(5)  Said  Dick  to  Harrj^,  ' '  My  money  and  my  purse  are  together 
worth  $d,  and  the  monej'  is  worth  k  times  the  price  of  the  purse." 
Find  the  value  of  the  purse. 

Ezercise  20. 

Multiply  the  following  pairs  of  factors  :  — 

(1)  3rt'--4a6  +  56-  anda--2a6  +  36-. 

(2)  cc*-3^2^2jc  +  1  and.x-^-2x-2. 

(3)  a^  -  ab -  ac-\- b-  -bc  +  c-  and  a  +  b-\- c. 

(4)  'dx-  -  2x  -  5  and  2a.'  -  5. 
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(o)  a  —  b  +  oc  and  a  +  2b. 

(6)  2^2  +46-  -  Sab  and  -  5a ^  +46-  +3ab. 

(7)  3x*  -x^-i  and  2a;*  -  Sx'  +  7. 

(8)  a-  +b-  +c^  +rt6  +  rtc-6c  and  a-b-c. 

(9)  £c-+42/  +3z2  andcc--2y--3z-. 

(10)  a""  +b-  +d  -Sa  +  ob  +  ab  Rud  a  -b  +  3. 

(11)  4oC-  +  9?/=  +  z2  _  Gj-y  -  2a?z  -  Syz  and  2cc  +  3i/  +  z. 

(12)  Find  the  fourth  power  of  2a  +  56. 

(13)  x^  +bx*  +  Idx^  +  Ibx-  +bx+l  and 

X*  —bx^  +  1002-  -bx-\- 1. 

(14)  42a*  +  105a'6  +  23rt2&2^5rt^^3^^4  and  2rt= -5fl6  +  6- 

(15)  x"*  -\-bx*  +  lbx^  +SOx^  +2Ax  +  2\  and 

X*  -bx^  +  10x-  -bx+1. 


Szercise  21. 
Find  the  continued  product  of  the  following  sets  of  factors  : — 


(oC  +  1)  {x  +  2)  (x  +  S). 

{x  +  2)  (x  +  S)  {x  +  ^). 

(x  +  4)  (x  +  b)  {x  +  Q}. 

(x  +  b)  (x  +  l)  (ic  +  9). 

{x  +  a)  (x  +  b)  (x  +  c).  ^  . 

(x-a)  {x-b)  {x-c). 

(jc-10)  (x+1)  (a? +  4). 

{x-\-\)  (a?  +  2)  {x  +  o)  (x  +  4). 

(^•-5)  (a?  +  6)  (x'-7)  (a;  +  8). 

(as^+aic  +  rr)  {x--ax-\-a-)  {x^  -  a'^x-  -\-a*). 

(x  +  8)  (x  +  5)  (x  +  3)  (jc-3)  (x-5)  (a:-8). 

(l  +  i«  +  ^6)  (l-irt  +  ^6). 

{x~-\x-\-%)  {lx  +  2). 

{ab -ac-\-bc- bd)  {ab -ac- be  +  6</). 

Simplify 

i{a'(a:^  +  l)  {x  +  2)+x{x-l)  {x-2)]  +  %(x-l)  {x  +  \)x, 

N.R— The  student  would  do  well  to  go  over  Exercises  14 
to  21  at  least  three  times  before  proceeding  to  the  next 
series  of  examples. 
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Note. — It  is  now  time  that  the  pupil  should  begin  to  learn  a 
little  of  the  power  of  algebra  to  save  time  and  labor  as  compared 
with  Arithmetic.  Algebraic  solutions  are  true  for  all  possible 
cases,  because  the  language  is  general,  Avhereas  arithmetical 
solutions  are  true  only  for  certain  particular  numbers.  Five 
extremely  useful  formulas  are  taken  in  the  following  exercises, 
22  to  25  inclusive,  and  the  pupil  is  required  to  write  down  the 
results  when  the  details  are  varied  in  sign  or  in  value.  He  must 
do  this  without  actual  multiplication.  The  algebraic  form  is 
unchangeable  throughout  each  case,  no  matter  how  much  the 
items  may  vary.  When  the  pupil  has  thoroughly  appreciated 
this  he  has  already  entered  on  the  great  highway  of  mathematics, 
and  has  made  a  great  stride  of  progress  in  abstraction  and  gen- 
eralisation.    Part  of  25  and  the  whole  of  26  are  review  exercises. 


Exercise  22. 

(1)  If  (A  +  B)-  =  A-  4-2AB4-B%   write  down  the  expansion  of 

{a  +  x)-  without  actual  multiplication. 

Oiia  +  yy-,  (x  +  yy-;  (a  +  lY;  (a  +  2y. 

(2)  Find  without  actual  multiplication  the  square  of  each  of 
the  expressions,  3a +  26  ;  4rt  +  3/>;  8a  +  6c. 

(3)  What  is  the  square  of  12ox  +  22by?     Of  343//i=  4-512n=  ? 

(4)  Find  the  square  of  729jc^ +512ac%  and  of  17«^'+18rt'\ 

(5)  Ii(x-{-l){x  +  2)={x-l)  {x  -  2)  +  54,  show  that  x  must  =  9. 

(6)  If  (A-B)2  =A2  -2AB  +  B-,  write  down  the  expansion  of 
[a  —  x]'  without  actual  multiplication. 

Oiia-yy;  (x-yy:   {a-iy-,   {a-2y. 

(7)  Find  without  actual  multiplication  the  square  of  each  of 
the  expansions,  ort  —  2i^  ;  4a  — 36;  8a  — 6c. 

(8)  What  is  the  square  of  12bx-22by?     Of  WSm-  -b\2n-  ? 

(9)  Find  the  square  of  729a[j^ -51  2jc-,  and  of  17a' '- 18a' ^ 

(10)  Show  that  ic(.x  +  l)  {x  +  2)  (x  +  3)  +  l  =  (.c= +3.r +  1)-. 

(11)  If   (3a;-17)-+(4x-25)=-(5.r-29)-=l,    show   that    x 
must  =  6. 

(12)  If  5(.r-2)=+7(.z:-3)'-=(3j:-7)  (4x-19)  +  42,  show  that 
X  must  =  4. 


(13)  Prove  (a -/>)=+ (6- c)=  4- (c-a)  = 

=  2[(a  -  />)  (a  -c)  +  [b-a)  {b  -  c)  +  i^c  -  ^0  (c  -  b)]. 

N.B. — Show  each  side  =  2(a^  +6^  +c-  -ab-hc-cd). 
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Ezercise  23. 

(1)  If  (A  +  B)  (A  +  C)=A-+A(B  +  Cj  +  BC,  write  down  with- 
out actual  multiplication  the  product  of  (a +4)  (a +  5). 

(2)  Set  down  the  product  of 

(x  +  i)  (x  +  d);  {x+l){x-hi);   (x  +  2)  (x  +  3). 

(3)  Of  (;r  +  7)  (^-2);  (x  +  6)(cc-4);   (^  +  9)(.x-2); 

(cc  +  5)  {x-3). 

(4)  Ol{x-l)ix  +  2)-   {x-6)  (.X-  +  4);   (.^-9)  (.r  +  2)  ; 

(.x-5)  (jr  +  3). 

(5)  Oi{x-l)  (x-2);  {x-6){x-A)-  {x-9){x-2)', 

(.x-5)  (^  +  3). 

(6)  Of  (2a +  4)  (2a +  5);   (3a  +  4)  (3a  +  3)  ;   (4a +  1)  (4a +  4). 

(7)  Of  (5cc  +  2)  (5x  +  3);  (6a +  7)  (6a -2);  (7ic  +  6)  (7x-4). 

(8)  Of  (9z  +  8w')  (9z-ll2/;);  (25a -1006)  (25a +  646). 

(9)  Of  (3a-+2a6)  (3a2+6a6);  (217a64-a-')  (217a6-2an. 

(10)  Solve  the  equation 

(x  +  lb)  {x-n)-{x-Sy=30-lb{x-l). 

(11)  Find  the  value  of  x  from  the  equation 

2(x  +  l)  (;c  +  3)  +  8  =  (2cc+l)  (x  +  b). 

(12)  {x-1)  (x  +  2)+(jc-3)  {x-A)=x{2x-4),  find  a:. 

(13)  {x  +  S)  (x-  +  4)  {x  +  b)=x(x  +  iy  -2{x-12y. 

(14)  (x-2)2+(cc-3)-=2(x  +  l)  (^  +  3) -101. 

(15)  What  are  the  factors  of  a-  +a(b  +  c)+bc? 

(16)  What  are  the  factors  of  a=  +  9a  +  20  ? 


Ezercise  24. 

(1)  (A  +  B+C)- =A2  4-B- +C^ +2AB  +  2BC  +  2CA,     write 
down  the  square  of  (x  +  y  +  z)  without  actual  multiplication. 

(2)  Set  down  without  multiplication  the  expanded  values  of 
(a  +  26  +  c)=;  {a  +  b  +  2cy- ]  (a  +  26  +  3c)- ;  (2a  +  36  +  c)  =  . 

(3)  (12a  +  136  +  14c)2;(21x  +  222/  +  51)2;(49x-+36y2^25z*)=. 

(4)  (A  +  B-C)- =-A2 +B2 +C=+2AB-2BC-2CA  ;    write 
down  the  squares  oi  {x  +  y-z)  ;  (x  +  2y-z) ;  {x  +  y-  3a). 

(5)  Expand 

(2a4-36-c)-;   (12a  -  136  + 14c)- ;   {2lx  +  22y-biy, 
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(6)  (A  - B  -  C)-  =  A^  +  B2  +  C-  -  2AB  +  2BC  -  2CA  ;     write 
down  the  squares  oi  (x-y-z)  ]  (a  - 6 - 2c)  ;  (x-y- Sz). 

(7)  Expand  (ax +  5?/  + c-)' 7  (ax  -  by  +  cz)- ;  {ax~by-cz)^. 

(8)  Expand  {ab  +  bc-ca)'  ;   {xy  -yz  +  zx)  -  ;   {ab  -bc-ca)-. 

(9)  Expand  (2a6  +  36c  -  4ca)  -  ;  {Sxy  -  iyz  -  bzx)-  ; 

(ab  -  2bc  -  Sea)- . 

(10)  Expand  (a-b  +  b-c  +  c'-a)'  ;  {a^bc  +  b'ca  +  C'aby  ; 

(2a«^-3a«*+4a2«)-. 

(11)  Expand  (ai«-«^«-«^0';   (21^2  • -22^2  2  .oSa^  ^)=  ; 

(^2x_52i/_c2r)2, 

(12)  Expand  (rt*i -416-41)2  ;   (555a*^^^ +o6^ +5)2  ; 

(a-+a---l)-. 

Ezercise  25. 

(1)  (A+B  +  C  +  D)-  =  A2+B-+C-+D-+2AB  +  2AC  +  2AD 
+  2BC  +  2BD  +  2CD ;  write  down  the  expansion  oi(x  +  y  +  z+  w)  - . 

(2)  (a  +  26  +  3c  +  4(Z)=  ;  (2cc  +  32/4-4z  +  5u-)' ; 

(3a  +  46  +  5c  +  6cZ)2. 

(3)  (x-y  +  z  +  tvy  ;  (a  +  b-c  +  cl)'  ;  (x-y-z  +  tv)-. 

(4)  (a-6-c-cr)- ;  {a--2b-2c-2dy  ;  (2a -36 -4c -5^)2. 

(5)  (ax  +  by  +  cz  +  dw)-  ;  (^6  +  6c  +  ctZ  +  fZa)  -  ;  (x-a  +  y  +  b)'-. 

(6)  (}ia  +  kby  ;  (ia  +  ^6  +  ic)2  ;  (|«  +  ^6= +|c2)2  ; 

iha'+^a  +  kV. 

(7)  (|a  +  ^&  +  ic  +  i(Z)- ;  ia6  +  ^6c  +  ^Crt)- ;  (^a^2/-3.V--i2•^)'• 
^6     c     a^    '  ^6     c     a     d^    '  ^6     c     a' 

(9)  Multiply  402^  -|x  +  ^V  by  2x-\-\. 

(10)  Multiply  (x-+a;i/  +  2/)2  by  (a? -?/)-. 

(11)  Multiply  ix-  +^a:j/+5i/-  by  Ix'  -^xy  +  ^y-. 

(12)  Simplify  (1  +  x)  (1-x)  (l  +  j;-)(l+x^)  (l  +  cc«). 

(13)  Multiply  6x«  -  x^  +  2cc*  -  2x^  +  2x-  +  19x  +  <5 

by  3x2+4x  +  l. 

(14)  Multiply  x^  +  5x"  -  16x  -  1  by  x^  -  5x-  -  l<ja:+ 1. 

(15)  Multiply  l+x  +  x-+x^+x^ 

by  1  -x'  +  x^  -x'  +0?**  -x'-  +a:'  ^. 
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Exercise  26. 

(1)  When  cc  =  2,  y  =  S,  z  =  4,  find  the  value  of  3z«  +'dxy  . 

(2)  What  quantity  added  to  5a"  -  3a  + 12  will  give  da-  -1? 

(3)  Whena=:0,  h  =  l,  c  =  2,  £c  =  8,  i/  =  3,  and  s  =  4,  find  the 
value  of  imx  +  {2by  -  cz)  —  {2ax  -  Sby  +  icz)  -  {ex  +  az). 

(4)  Multiply  frt-  -|a6  +  &^  by  a-+Jrt6-|6-,  and  prove  j'our 
result  correct  by  putting  a  =2,  6  =  3. 

(5)  Show  that  if  5(x -3) -7(6 -ic) +  3  =  24 -3(8 -cc),  then  x 
must  =  6. 

(6)  Solve  the  equation  {x+V)  (2x  -1)  -bx  =  {2x  -  3)  {x-  5) 
+  47.  Verify  j'our  solution  by  putting  x  =  7,  and  thus  reducing 
the  equation  to  an  Identity. 

(7)  Solve  ox  -  (4x  -  7)  (3.r  -  5)  =  6  -  3(4x  -  9)  (cc  - 1). 

(8)  I  spent  52J  cents  in  eggs,  and  9  of  them  cost  as  much  over 
12  cents  as  15  cost  under  24  cents.     How  many  did  I  buj' '? 

(9)  A  and  B  have  $42  ;  B  and  C,  §45  ;  C  and  A,  |53.  How 
much  has  each  ? 

(10)  If  ic  =  6  +  c;  y  =  c-a;  z  =  a-h ;  find  the  value  of 

x"^  ^- y-  -\- z"^  -  2xy  -  2zx  +  2yz. 


Note. — When  the  beginner  has  done  the  preceding  exercises 
and  has  well  understood  them,  Division  follows  easily  as  the 
reverse  process  of  Multiplication.  The  Rule  of  Signs  and 
the  Rule  of  Exponents  are  precisely  the  same  for  both,  and  are 
best  learned  from  particular  examples.  The  following  exercises, 
up  to  Exercise  31,  are  intended  to  develop  the  subject  pretty 
rapidly,  the  pupil's  previous  experience  making  fewer  simple 
questions  necessary.  Great  stress  needs  to  be  laid  on  methods 
of  Yerifying"  and  testing.  A  long  complicated  process  can  often 
be  tested  in  a  few  seconds,  and  in  everj*  case  where  it  is  possible 
the  learner  should  test  his  own  work  and  thus  acquire  confidence 
in  his  results.  It  is  as  yet  premature  to  introduce  the  short 
forms  of  multiplication  and  division.  These  should  be  deferred 
until  skill,  accuracy,  and  rapidity  are  ensured  by  constant 
practice  in  writing  out  the  full  forms— otherwise  they  will  be 
learned  mechanically  and  without  any  proper  grasp  of  their  real 
meaning.  If  generalisation  proceeds  too  rapidly  the  chances  are 
that  the  pupil  will  fail  to  apprehend  the  steps. 
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Exercise  27. 

N.B. — Read  a-^b  thua  :  a  by  6.     Avoid  mathematical  Slang. 

{\)  a'  y.  a^  =  a" .     Ifnr^is  divided  by  a^  what  is  the  quotient  ? 

(2)  a*  =aaaa  ;  a^  =aaa  ;  what  is  the  quotient  of  a~'  -^a^  "^ 

(3)  If  rt-^4-rt'=«'-^  ;  rt"-^«*=rt'-3  ;  a«-fa-=a'-2;  what 
is  the  quotient  when  a^  -^  aV  ?     Of  a'«  -^a«  f     Of  a"'  -i-a^'  .^ 

(4)  If  2rt  x3&  =  6rt5  ;  what  is  the  value  of 

(5)  If  ( +  la)  (  -  36)  =  -  6a6  =  (  -  2rt)  ( +  35) ;  find  the  quotients 
when  ^ah  is  divided  by  +2rt,   —36,   —  2<7.  and  +35  respectively. 

(6)  Find  the  price  of  4j?  horses  at  SG?/  apiece.  Tell  how  many 
horses  at  %^x  apiece  can  be  bought  for  S24xy.  How  many  can 
be  bought  at  $4  ?/  apiece  ? 

(7)  Choose  an  example  and  show  that  every  question  in 
iiinltiplication  will  give  two  examples  of  division. 

(8)  From  the  example  a^  ^  -^a^  ==  a- ,  make  a  rule  for  the 
exponents  in  a  case  of  division.  See  whether  your  rule  holds 
good  in  these  cases  :  a^ '  -j-a'  '  ;  «"'  +  a"'. 

(9)  Divide  rt-^  hy  a''  ;  a'''  hy  a' *  ; 

^1234567  89  y.y     „U  8765432 

(10)  Divide  lllj-' ' '  by  37x^'  ;  b\2x'''^  by  25Ha''*''  ; 
1331a^^3^  by  121^12 i. 

Exercise  28. 

(1)  Multiply  a+bhy  c.     Verify  the  result  by  division. 

(2)  Multiply  a  +  2b-^Sc  by  4a.     Verify  the  result  by  division. 

(3)  Multiply  a-  +2ab  +  b'  by  a  +  b.  Divide  the  product  by 
a+b,  a.ndhy  a- +2ab  +  b-. 

(4)  Write  down  the  expansion  of  {n+b)*.  Divide  the  product 
hy  a  +  b,  by  a'+2ab  +  b-,  and  by  a"" +3a-b  +  nab- +b^,  three 
answers. 

(5)  Set  down  the  expansion  of  {a+b)''\ 

Divide  this  by  a^  +'Sa-b  +  oab-  +5\ 
divide  this  quotient  by  a-  +2ab  +  b'. 

(6)  Muhiply  a^'+Sa-b  +  Sab-  +5'  by  a""  -3a-b  +  Sab-  -6'  and 
divide  the  product  by  a*  -2a'b-  +b* . 
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(7)  Multipl}^  the  expansion  of  (a-\-b)*  by  the  expansion  of 
(a -by  and  divide  the  product  by  a^  -Sa*b-  +3a-b*  -b\ 

(8)  Divide  1  +  2a:  by  1  —  Ssc  to  4  terms  of  the  quotient. 

(9)  Divide  21a*  -6a-  +i-  by  da"" -\-2a  +  h 

(10)  Divide  6  -\^x-{-\^x^  -\ix^  +^x*  by  l_|x  +  §x'-. 

Exercise  29. 

(1)  Find  the  quotient  when  2i:X^  —Gbxy  +  21y-  is  divided  by 
Sx  -  Sy.     Prove  the  result  by  multiplication. 

(2)  One  factor  of  16x^  -i6x^ +3dx-9  is  2x" -ox  +  S,  find 
the  other  factor. 

(3)  Arrange  12  + a*  —la'  -  2a^  +  8a  and  -  a  +  a^  -  6  in  proper 
order  of  the  powers  of  a  and  find  the  quotient.     Verify  the  result. 

(4)  Arrange  4a'^ -a -a*  -  5a- +6a^  -  15  and  divide  it  bv 
-a  +  3  +  2a2. 

(5)  Find  the  remainder  when  x^  +0  — 7.X  +  5  is  the  divisor  and 
2'iix'  -2x*  -^x^  -\-\2-\-x^  -3\x  is  the  dividend.  Verify  j'our 
answer  by  multiplication. 

(6)  If  12x*+5x'-33x=-3x  +  16  is  divided  by  4x=-a;-5, 
what  is  the  remainder  ?  Confirm  your  answer  by  a  check  calcu- 
lation. 

(7)  15a*+22-32a2-30a  +  50a--^(3-4a  +  5a2). 

Remainder  =  ? 

(8)  cc^+l  divided  by  cc^ -fjc- -f-.x  +  l.  Find  the  remainder. 
Give  proof. 

(9)  a''+0  +  0  +  0  +  0-(3X*-8jc3_^0  4-0-l-r(a3-2a-l). 

Quotient '? 
(10)  3a2+8a6  +  462+10ac  +  8&c  +  3c2-^(a-f26  +  3c).    Quotient? 

Exercise  30. 

(1)  When  8.T^  -  11 4-.x'  +3a;-  lOa:;^  -Toj^  is  divided  by 

cc"  +4  -  bx,  what  is  the  remainder  ? 

(2)  Multiply  a ^-}- 2a 2 -3a -6  by  a=^ -2a- -3a  +  r>.  and  divide 
the  product  by  a* -7a- +12.-  Put  a  =  l  throughout  and  thus 
verify  the  quotient. 

(3)  Prove  bj*  multiplication  that 

(x'-+3d?-|-l)- =a(a  +  l)  (a +  2)  (af3)  +  l  when  a?  =  a. 
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(4)  Show  that  x^  +y^  +z^  -  Sxyz  =  2{a^  +b^  +  c^  -  '6abc)  when 
x  =  b  +  c,  y  =  c-\-a,  z  =  a-\-b. 

(5)  If  the  product  of  ix'^  +Sx-  -18x4-27  and  another  factor 
is  equal  to  4:X^  4-llx*  +81,  find  the  second  factor. 

(6)  Simplify  the  expression 

(a  +  b  +  c)  {a  +  b  +  d)  +  (a-\-c-{-d)  {b-\-c-[-d) -{a+b  +  c  +  dy. 

(7)  {x  +  y  +  zy  -\-{x-y-zy  +(y-z-xy  +  {z-y-xy. 
Reduce  this  and  prove  your  result  by  putting  ,x  =  ?/  =  z  =  1. 

(8)  What  number  must  be  subtracted  from  2a°  +2  to  make  it 
exactly  divisible  by  «^  +  2a^  +  2a  + 1  ? 


Note. — Exercises  31  to  36  supply  a  review  of  all  the  work 
passed  over.  The  same  simple  principles  are  hefe  applied  in 
somewhat  more  difficult  combinations,  but  all  really  hard  ques- 
tions are  excluded.  In  numerous  examples  methods  of  testing 
are  sug'gested,  and  these  should  receive  very  careful  attention. 
In  all  written  examinations  they  are  of  first-rate  importance. 
Pupils  should  be  encouraged  to  invent  new  problems  like 
those  in  Exercise  32,  and  to  select  questions  from  their  arith- 
metics which  may  easily  be  solved  by  means  of  simple  equations. 
As  a  rule  the  alg-ebraic  analysis  of  a  problem  is  easier  than 
the  arithmetical  analysis,  and  the  learner  will  soon  find  that  he 
can  do  questions  in  percentage,  discount,  interest,  and  general 
analj'sis  that  would  be  beyond  his  power  by  pure  arithmetic. 
He  should  be  led  by  the  path  of  least  resistance  independently 
of  anj^  formal  arrangement  of  the  subject  as  a  science.  If  he 
learns  the  easiest  things  first,  difficulties  will  melt  away  as  he 
approaches  them. 

N.B.— Algebra ic  solutions  are  fully  accepted  at  all  exami- 
nations iu  Ontario. 

Exercise  31. 

(1)  Divide  a*  +4ft*  by  a^-  -2ab  +  2b-. 

(2)  {3x-S){3x  +  2)-{ix-n)(2x  +  l)^{x-3){x  +  l),findx. 

(3)  A,  B  and  C  have  S16S  among  them  ;  C's  share  is  tliree- 
fourth  of  ^'s  share,  and  A^s  is  $8  nlore  than  B's  share.  What 
has  each  ? 

(4)  A  is  now  three  times  as  old  as  B,  but  only  two  years  ago 
he  was  five  times  as  old  as  B  was  four  years  ago.  Find  A^s 
present  age. 
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(5)  What  value  of  x  will  make  the  product  of  ac  +  3  and  2a: +  3 
exceed  the  product  of  jc  + 1  and  2a:  + 1  by  14  ? 

(G)  If  T^"  =  5a  +  46-6c,  X=  -^a-^h-\-lc,  y=20a  +  76-5c, 
and  Z  =  13a~bb-\-dc,  evaluate  W-X-Y+Z.  Verify  the 
result  by  putting  a  =  5  =  c  =  1. 

(7)  A  man  rides  a  miles  in  a  buggy  and  h  miles  in  a  train  ; 
the  buggy  goes  at  7  and  the  train  at  25  miles  per  hour.  How 
long  does  the  journey  take?  Verify  your  answer  by  taking 
a  =  35  and  b  =  150. 

(8)  A  farmer  sells  9  horses  and  7  cows  for  $375,  and  he  values 
6  horses  and  13  cows  at  the  same  price.  Find  the  value  of  one 
cow. 

Exercise  32. 

(1)  A  tank  capable  of  holding  648  gallons  ma\-  be  tilled  by  two 
pipes  in  18  minutes,  and  the  second  pipe  runs  in  6  gallons  }^r 
minute  more  than  the  other.  How  many  gallons  per  minute  did 
the  first  pipe  convej'  ? 

(2)  A  boy  spent  half  Ifis  money  and  half  a  dollar  more,  then 
half  the  remainder  and  half  a  dollar  more,  and  lastly  half  the 
remainder  and  half  a  dollar  more.  He  had  now  S2  left,  find 
how  much  he  spent. 

(3)  A  marker  standing  behind  the  target  hears  the  bullet  strike 
and  1^0  of  a  second  afterwards  he  hears  the  report  of  the  rifle. 
If  the  bullet  travelled  at  1,430  feet  per  second  and  sound  at  1. 100 
feet,  find  the  length  of  the  range. 

(4)  In  a  battle  the  general  lost  |  of  his  armj'  in  killed  and 
wounded,  besides  4,000  taken  prisoners.  He  receives  a  reinforce- 
ment of  3,000  men,  but  in  retreating  loses  again  J  of  his  troops, 
leaving  him  only  18,000,     Find  the  strength  of  his  army  at  first, 

(5)  An  investor  places  $13,000  at  interest,  partly  at  4%  and 
partly  at  5%,  and  his  income  is  $550,  How  much  does  he  invest 
at  each  rate  ? 

(6)  Forming  his  men  into  a  solid  square,  an  officer  finds  34  men 
over  ;  but  when  he  increases  the  side  of  the  square  by  oi»e  man, 
he  lacks  39  men  to  complete  the  square.  How  many  men  were 
on  parade  ? 

(7)  ^  and  B  are  154  miles  apart  on  a  river,  A  rows  3  miles  in 
2  hours  on  the  average,  including  stoppages,  and  B  5  miles  in  4 
hours.     In  how  many  hours  will  they  meet  ? 

(8)  -,\-(8  -  2x)  +  \ {Gx  -  5)  =  -,-'4  (2.r  +  6)  -  i (2,r),  find  x. 
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(9)  hx-%x  +  lx-tJC  +  ^{x-3)=0,  find  .r. 

(10)  Show  thsit  ax +  by  +  cz  =  (x  +  y +  z)  (rt+/>  +  c),  if 

x  =  a-  -  be.  y  =  b-  -  ca,  z  =  c^  -  ah. 

(11)  If  x,  y  and  z  have  the  same  values  as  in  No.   10,   prove 
that  bc{x^  -  yz)  =  ca(y'  -  zx)  =  ab(z-  -  xy). 

Exercise  33. 

(1)  Find  the  numerical  value  of  the  following  expression 

x^+y^-z-  _x'-y--z''  ^^^^^  ^^^   ^^-    ^^g^ 
x-y+z  x+y+z 

(2)  Show  that  when  x  =  o,  2/  =  3,  z  =  4 

(x^  +y-  -z)  {x"^  -y')  is  equal  to  x*  -x-z  +  y-z-y*. 

(3)  Express  in  shortest  form  the  sum  of 

a^x  +  a'x-  -2ax^  ;  x*  +lb  +  2ax^  -3a^x^  ; 
2a^x-4:ax^  +3x*  +a^x;  andl5  +  5aaj^  -2a^x-\-^ax^  -10. 

(4)  Combine  into  one  sum  |x^  - \x-y-^%y'  ;  2x^y- x-  +  %x' ; 

and  ^x^ y  -  ly-  +  Sjc^  ^  Oy^ . 

(5)  "WTienic  =  2,  2/  =  3,  z  =  4,  find  the  numerical  value  of 

2CC  +  22      X"r2-139  ^ 

(6)  Simplify  (^-2)^ -2(a-2)2 +3(a-2) -4. 

(7)  Solve  the  equation  6(x- 1) +8fic  +  2)  =27(cc-3).      Verify 
your  answer  by  substitution. 

Exercise  34. 

(1)  Divide   ^x^  -2ax^  ■\-3a'^x'^  -2a'^x  +  a'    by  2x- -^ ax -\- a^ , 
and  prove  that  your  quotient  is  accurate  by  letting  x  =  \  and  a  =  \. 

(2)  Find  the  product  of  «- 26  +  1  ;  2a +6-1;  and  2^  +  36  +  1. 
Prove  the  result  by  putting  a  =  2,  and  6  =  1. 

(3)  Subtract  2b'^x'^  +66cx^  -  12cx^  -  12ac«  from  the  product  of 
26a;  +  3cac^  -4a;^  and  26a: +  40;^. 

(4)  1  +xy  +  x-y-  +x^y^  ;  multiply  this  by 

1  -  xy  +  x*y*  -  X''y-'.     Test  your  product  by  putting  x  =  y=  1. 

(5)  If  two   algebraic   expressions  are  written  close  together 
without  any  sign  between  them,  what  operation  is  intended  ? 
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(6)  In  the  expression  {77i  +  ji)^ -S{7n  +  7i)  (m- 7?)  +  2(??i  +  w) 
+  771  -  71,  substitute  x  for  ??i  +  w,  and  y  for  m  -  n.  Suppose 
m  =  ji,  what  is  the  value  of  y  ^^  What  is  the  value  of  the  ^vhole 
expression  ? 

(7)  (a  +  b)  (a-b)  =  cr  -b~.  Apply  this  principle  to  find  the 
product  of  ??i  -  71  +p  -  q  and  m  -^ti-  p  +  q  without  actual  multi- 
plication. 

(8)  Get  the  product  of  x^  -7n-y  +  y^  and  x^  —7n'^y-y^  with- 
out actual  multiplication.      Test  your  result.      See  Exercise  23. 


Ezercise  35. 

(1)  Is  cc^  4-(a?  +  l)^ +  (x- +a;)-  greater  than,  equal  to,  or  less 
than  the  square  of  X'  ■\-x-k-\.     Put  x=l  and  test  your  answer. 

(2)  Divide  ^cfi^  by  ^al^\  and  ^a^  by  ^a^  ;  and  11  ^  ^  by  11'. 

(3)  Divide  x^  -\-'2x^y-irxy^  +-y^  -3x^z-3y^z  by  x  +  2y-oz. 

(4)  Divide  x'  +2,187  by  x  +  S. 

(5)  Show  that  x'{y  +  z)-\-y'{z  +  x)  +  z'-{x  +  y)-\-2xyz  is  an- 
other form  of  the  expression  (x  +  y)  {y  +  z)  (z-{-x).  Test  the 
truth  of  3'our  result  by  making  x  =  y  =  z  =  l. 

(6)  Prove  that  (9x--4?/-)  {Six' +lGy* +^Qx-y~)  gives  the 
same  product  as  21x'^ +Sy'^  multiplied  by  21x^-Sy^.  Verify 
your  answer  by  putting  x  =  y  =  i. 

(7)  Divide  (x  +  y)- +S{x-{-y)z  +  2z-  by  x  +  y  +  z  without  ex- 
pansion in  this  way  : — Put  m  for  x  +  y  ;  find  the  quotient ;  then 
write  x  +  y  for  w  in  this  quotient. 

(8)  In9(x  +  3)-+16(x  +  l)-  =  (5x'  +  9)2,  find  the  value  of  a^. 

(9)  Is  (a-  +C-)  (6-  +d^)  greater  or  less  than  (ab  +  cd)',  when 
ad  =  bc? 

Ezercise  36. 

(1)  If  I  take  5  steps  toward  the  north,  then  6  steps,  then  7 
steps,  express  by  means  of  the  sign  +  my  distance  from  the 
starting  point. 

(2)  If  I  turn  round  and  reverse  my  steps  express  by  means  of 
a  sign  the  distance  I  have  walked  and  also  the  direction  (south) 
in  which  I  have  walked. 

(3)  If  +  «  means  l  +  l  +  l  +  l-f  etc. ,  what  does  -  a  mean  ? 

(4)  If  (  +  3)  (  +  4)  means  +3  +  3  +  3  +  3,  or  +12,  what  does 
(  -  3)  (  +  4)  mean  ?     Wliat  does  ( +  3)  (  -  4)  mean  ? 
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(5)  State  tlu'  Uule  of  Signs  in  inulrij.lication.  Show  that  the 
same  rule  applies  to  division. 

(G)  If  (  -3)  {-\)  means  -.)  subfracted  4  times,  or 
—  (  -  3)  -  (  -  8)  -  (  -  3)  -  (  -  3 ).    remove  the  brackets  and  reduce 
the  expression  to  +1'2.     Explain  the  meaning;  of  {-a)  {-b). 

(7)  Distinguisli  clearly  the  difference  in  meaninc;  betweeii 
arithmi'ticnl  fio:uros  as  1.  2,  3,  etc.,  and  algebraical  charactr-vs 
used  to  represent  n ambers,  as  a.  b.  x.  y.  etc. 

(8)  What  is  the  name  given  to  an  expression  like  6j?+ 11  -  3  I  y 

(9)  How  would  you  get  rid  of  fractions  in  the  equation 

^jc+  iA'  +  4a?  +  ^ac  +  -iS-X"  =  2187  ?    State  the  axiom  used  ? 


Note. — In  these  exercises  \\\e  formal ^  .9C2V?i///7C  arrangement 
of  the  subject  as  usually  presented  has  been  discarded  for  the 
sake  of  presenting  the  subject  in  tlie  form  suited  best  to  the 
requirements  of  a  beginner,  viz.,  that  order  which  will  introduce 
him  first  to  the  easie.st  parts  of  the  science,  next  to  those  some- 
what difficult,  and  last  of  all  to  tlie  topics  that  require  most 
matiu'ity  of  thought  and  most  skill  in  the  application  of  abstract 
principles.  To  ooiineet  the  new  with  the  old^  to  procpeU 
jarraduaily  fro?n  the  pupil's  knowledge  of  numbers  to  the 
unknown  abstractions  of  algebra,  to  repeat  the  oid  in  new 
l^?nis,  to  .select  the  easiest  things  lirst— this  is  surely  the 
comiuou  sense  of  gooil  teaching.  Guided  by  experience,  we 
therefore  introduce  the  simple  equation  of  one  unknown  among 
the  first  things  to  be  learned.  The  sininle  equation  of  two 
n^iknown  quuntitfes  is  also  easy  to  learn  and  is  here  iuiro- 
(lucpd  with  Exercise  37.  The  pupil  thus  ncquires  an  insight 
into  the  practical  applications  of  algebra  that  formal  treatises 
defer  to  about  page  loO.  All  really  difficult  questions  are 
excluded  as  foreign  to  our  purpose,  and  with  a  little  patience  and 
care  the  pupil  can  do  the  exercises  without  much  help. 


Ezercise  37. 

(1)  An  equation  containing  only  one  unknown  quantity,  as  jc, 
is  a  Simple  Equation.  If  tliere  are  several  equations  which 
contain  more  than  ono  unknown  quantity,  as  .t +  !/  =  (>,  and 
2r  +  3?/=l<j.  with  common  values,  as  a:  =  '2.  v/  =  4.  these  equa- 
tions are  called  Simultaneous  Equations. 


oO  I'LbLiU    rSCHlJOL    ALOKliUA. 

(2)  Solve  the  simultaneous  equations  x  +  y  =  G;  2j^  +  3i/  =  1G 
in  this  way  : — Multiply  the  1st  by  2  and  subtract  the  product 
from  the  2nd.  Next  multiph'  the  1st  by  .']  and  subtract  the  pro- 
duct from  the  2nd. 

(3)  Find  the  values  of  x  and  y  in  the  following  equations  :  — 
2x--y^^]  2?/-x  =  3. 

(4)  x  +  y  =  o;  2x  +  y  =  4:. 

(5)  lx-Sy  =  10]    4rx  +  ly  =  31. 

Hint. —Multiply  1st  by  4,  2nd  by  7. 

(6)  lx-dy  =  'o;  13.x  +  4?/  =  30. 

(7)  4.r  +  .V  =  ll;  x  +  Ay^li. 

(8)  2x  +  3y  =  21]  nx  +  by  =  Si. 

(9)  3x  =  23-2y:  l0  +  2x  =  by. 

Hint. — Transpose  x  and  y  to  one  side. 

(10)  ?  +  ^  =  7:     -+^  =  8.     Hint.  — Clear  of  fractions  first. 
^^23  32 

(11)  3x-22/  =  3(6-x)  ;  3(4x-3?/)  =  7?/. 


Ezercise  3S. 

(1)  Find  two  numbers  whose  difierence  is  7  and  sum  33. 

(2)  Divide  150  into  two  parts  such  that  three  times  the  greater 
part  exceeds  seven  times  the  less  by  15.      N.B.  x  +  y  =  lbO,  etc. 

(3)  I  can  get  7  pounds  of  tea  and  5  pounds  of  coffee  for  S5.50. 
or  I  can  buy  6  pounds  of  tea  and  3  jDounds  of  coffee  for  84.20. 
What  is  the  price  per  pound  of  each  ? 

K.B.   Ix  +  by^bbO',  6j.+3?/  =  420. 

(4)  A  and  B  have  together  $570  ;  but  if  .4  had  three  times  as 
much  and  B  five  times  as  much  as  at  present.  the\'  would  have 
altogether  82,350.     Find  the  amount  each  now  has. 

(5)  A  man  bought  100  acres  for  $2,450,  paying  $20  an  acre 
for  one  part  and  $30  an  acre  for  the  remainder.  How  many 
acres  were  there  in  each  part  ? 

(6)  A  and  B  have  $9,800.  .4  invests  l  of  his  money  and  B  ^ 
of  his,  and  then  each  has  the  same  sum  left.     Find  their  capitals. 

(7)  A  man  invested  $4,400,  partly-  in  bonds  paying  3%  interest 
and  parti}-  in  bank  stock  paying  2i%  interest.  His  income  was 
the  same  from  each  ;  find  the  amount  of  the  bonds  and  of  the 
stock,  which  were  both  bought  at  par. 
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Ezsrcise  39. 


(1)  Solve  the  equations  28j3 - 23?/ =  22,  and  63.r-55?/=J7  in 
this  way  :— L.  C.  M.  of  28  and  G3  =  252  ;  .-.  multiply  1st  by  !> 
and  2nd  by  4. 

(2)  Solve  13x-97y  =  4(N  and  n.e-\-2j/  =  ll.  N.B.— L.  C.  M. 
of  9  and  12  is  36.  Multiply  1st  by  4,  2nd  by  3,  and  thus  employ 
the  smallest  numbers  jDOssible. 

(3)  Solve  14.x>  +  13.v  =  35,  and  21,x  +  192/  =  56. 

N.B.— Multiply  by  3;  2. 

(4)  Solve  nx  +  loy  =  l,  and  13.r  +  ll.y  =  17. 

N.B.— Add;  divide  by  24,  and  x  +  i/  =  l,   .:  1  la:  +  11?/ =  11.  etc. 

(5)  15  pounds  of  tea  and  17  pounds  of  coiTee  cost  $7.80,  and 
25  pounds  of  tea  and  13  pounds  of  coffee  cost  $10.34.  AVliat  is 
the  price  of  eacli  per  pound  ? 

N.E. — Multiply  1st  equation  by  5,  2nd  by  3,  etc. 

(6)  A  man  invested  $100,000,  partly  at  5%  and  partly  at  4%. 
His  interest  amounted  to  .S4_,640  per  annum.  Fin<l  how  much 
he  placed  at  each  rate. 

(7)  Boug-ht  a  number  of  eggs  at  2  for  a  penny,  and  as  manj- 
more  at  3  for  a  penny.  Sold  the  whole  at  5  for  2  pence,  and 
lost  4  pence  by  the  transaction.  How  many  at  each  price  did  I 
buj'  ?      N.  B.  — Let  (jOx  —  number  bought. 


Ezercise  40. 

(1)  A  boy  bought  400  oranges,  some  at  3  for  2  cents,  and  some 
at  2  for  3  cents.  The  whole  lot  cost  him  1  cent  apiece.  How 
many  did  he  buy  at  each  price  ? 

(2)  A  can  do  a  piece  of  work  in  12  daj's  ;  B  and  C  together 
can  do  it  in  4  days  ;  ^l  and  C  can  do  it  in  half  the  time  that  B 
alone  can  do  it.  How  long  will  B  and  C  each  take  to  do  the 
job? 

(3)  A  and  B  have  equal  sums  when  they  begin  to  gamble.  At 
the  end  of  the  play  it  is  seen  that  if  A  had  8G  more  he  would 
have  three  times  as  much  as  B  has,  and  if  .4  had  $16  less  he 
would  have  twice  what  B  has.  How  much  docs  A  win  ?  What 
had  each  at  first  ? 

(4)  Sold  9  horses  and  7  cows  for  $300,  and  (i  horses  and  13 
cows  at  the  same  price  for  the  same  sum.  Find  the  selling  price 
of  each. 


*}2  PUBLIC   SCHOOL   ALGEBRA. 

(5)  Bought  two  grades  of  sugar  ;  7  pounds  of  the  first  cost  the 
same  as  9  pounds  of  the  second,  and  9  jjounds  of  the  first  and  7 
pounds  of  the  second  cost  together  65  cents.  Find  the  price  per 
pound  of  eacli  grade. 

(6)  A  room  is  twice  as  long  as  it  is  broad,  and  it  takes  the 
same  quantity  of  carpet  as  another  room  10  feet  shorter  and  9 
feet  broader.     Find  the  length  of  the  room. 

(7)  Bought  12  cows  and  20  lambs  for  $3o5,  also  10  cows  and 
20  lambs  for  tlio  same  snni-  paying  62  more  apiece  for  the  cows 
and  75  cents  more  for  each  lamb.  Find  the  price  of  each  cow 
and  lamb  in  the  first  lot. 

(8)  If  Tom  gives  Harry  810.  the  hitter  will  have  three  times 
as  much  as  Tom  has  lei't.  If  Harry  gives  Tom  SIO,  Tom  will 
then  have  twice  as  much  as  Harry.     How  much  has  each  ? 

(9)  How  much  tea  at  72  cents  and  at  40  cents  respectively 
must  be  taken  to  make  a  mixture  of  50  pounds  worth  60  cents 
per  pound '? 

nO)  I  have  812,750  to  invest.  I  can  buy  3%  bonds  at  81  and 
5%  bonds  at  120.  How  much  must  I  spend  on  each  kind  so 
that  the  income  may  be  the  same  for  each  ? 

(11)  At  simple  interest  a  certain  sum  amounted  to  Sa  in  m 
years,  and  to  86  in  n  years.     Find  the  sum  and  the  rate. 


Ezercise  41. 


X  ,  X 


(1)  If  _  +  '_  =  c,  multiply  both  sides  bj'  ab,   and  thus  show 

a     b 

that  X  =  abc -^(a-\-b). 

(2)  The  sum  of  two  number  is  35,  and  three  times  their  differ- 
ence is  81.     Show  that  three  times  the  smaller  number  is  87. 

(3)  Divide  842  among  three  persons,  so  that  B  may  have  $5 
more  than  A,  and  C  mny  have  as  much  as  -4  and  B  together. 

(4)  How  many  pounds  of  tea  at  24  cents  per  pound,  and  at  42 
cents  per  pound,  must  be  mixed  to  produce  100  pounds  worth  30 
cents  per  pound. 

(5)  Loaned  §1,000,  part  at  4°/  and  the  rest  at  5%  ;  interest  on 
the  whole  was  844.     How  nuKli  was  loaned  at  4%'? 

(6)  A  hare  takes  4  leaps  in  the  same  time  that  a  hound  takes  3 
leaps,  but  3  of  the  hare's  take  her  only  the  same  distance  as  2  of 
the  dog's.  The  hare  has  made  50  leaps  before  the  dog  is  loosed  ; 
how  many  sjirings  will   the  dog  make  on  a  straij;ht  course  to 
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catcli  puss?  ^s.B.  —  Let  iu.-  uiid  -j.x:  I'u  the  uuiubcr  of  leai>s  taken 
by  liare  and  hound,  and  2//  and  otj  he  the  lenj^th  of  each  leap, 
lience  hare  goes  over  ^rj/  while  dog  goes  over  ?'.'//.  /'.';..  lie  gains 
//  in  going  I'//,  etc. 

iT)   Solve  '-    -  ='- — ^'.      X.l].  —  Miiiriiil\-  hv  ,./-_7i  {.r-^^.)). 


.'•  +  '.' 


Ezercisc  42. 


{{)  Two  men  own  logether  170  shares  in  a  compan\'.  Tln-y 
divide  e  iiiaily.  .1  keeps  ^'J  shares  and  B  00  ;  B  gives  .4  >^10(». 
Find  tlie  value  of  a  share. 

1 2)  If  8  gold  coins  and  0  silver  coins  are  worth  as  inucli  as  <'> 
gold  coins  and  19  silver  ones.  iin<l  tlie  number  of  silver  coins 
etjual  in  value  to  one  gold  coin. 

(•■))  Brown  sets  outs  from  X  to  Z  at  '■>\  miles  per  hour,  and 
fort\'  minutes  later  Jones  starts  from  Z  to  X  at  4o  miles  i;»er 
hour.  When  tliey  meet  Jones  has  gone  half  a  mile  beyond  the 
middle  po^nt  between  X  and  Z.  Find  the  distance  between  the 
two  places. 

(4)  An  exjiress  train  going  at  o2  miles  i»er  liour  makes  a  cer- 
tain trip  in  2  hours  and  15  minutes  less  than  the  time  required 
by  a  freight  train  going  at  14  miles  jier  liour.      Find  the  distance. 

(."))  Solve  the  e.piations  il.c  -  i:>.y  =  144  :  '2o.£,-+  19?/  =  .^90. 

{'■>)  Tlie  sum  of  two  numbers  is  lo  ;  the  difference  of  their 
squares  is  o9  ;  tind  the  numbers. 

(T)  Bought  a  certain  number  of  shares  for  ^-2Jy2'> ;  sold  tlieni 
all  but  live  at  double  the  cost  price  for  S4.000.  How  many 
shares'? 

(•'^-)  Divide  87,500  so  .ir,  lu  give  each  of  two  >uii>  ;  w^ee  ii>  lU!,* n 
as  each  of  their  three  sisters,  and  their  mother  -S.'iOO  more  than 
all  her  children. 

(9)  If  •'^1.024  amounts  to  -SI,  15')  in  two  yeai>  ai  rD.npucuiu 
interest,  what  is  the  rate  of  interest  per  annum  ? 

(  10)  The  sum  of  .-si  J.")  is  distributeil  to  IT  boys  and  15  girls: 
and  at  the  same  rates  it  might  have  l")een  given  to  lo  boys  and 
20  i;irls.      Find  the  share  of  each  boy  and  each  girl. 

(ID  In  i)  liours  a  horse  travels  one  mile  more  than  a  train 
does  in  2  liours,  but  in  -J  hours  the  train  goes  2  miles  more  than 
the  liorac  goes  in  I'i  hours.      Find  the  rate  of  each  j.^er  hour. 

(12)  19^  +  17//  =  ?;   41.7:4-o7,y^    17;   solve  the  equations. 

(13)  l.'^r     1 7//   - 1 1  ;   29.I'  -  :;9//  =  17  ;   solve  for  ./•  and  y. 
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Note. — Exorcises  43  to  50  are  intended  to  sum  up  and  test 
what  the  pnpil  lias  now  mastered.  They  are  of  the  nature  of 
a  written  examination.  He  is  recommended  to  do  them  over 
three  times  before  entering  on  the  Second  Stage: — The  first 
time  to  work  them  out  accuratel}'  and  to  master  them,  the 
second  time  to  go  through  them  thoroughly  at  moderate  speed 
without  an\'  break,  and  finally  to  work  the  whole  at  higrh 
^peed  to  make  a  record  against  time.  This  practice  in  writing 
out  solutions  at  high  speed  is  a  fine  piece  of  mental  aryninastics 
and  soon  produces  a  firm,  rapid  '-touch,"  and  gives  the  student 
the  indomitable  courage  and  -^attack"  that  secure  success  when 
ho  has  to  face  nev\'  problems  on  the  official  examination  papers. 
The  hahit  of  doinu:  all  lessons  in  a  certain  limited  time  is  of 
the  greatest  assistance  in  every  branch  of  study^  but  particularh" 
in  mathematics.  It  economises  time  wonderfully  and  is  in  fact 
a  useful  stimulant  to  the  growing  powers  of  the  mind.  Try  it 
and  see. 

Exercise  43.— General  Eeview. 

(1)  If  rt  =  1 ,  h  =  o,  c  =  5,  find  the  value  of  :  — 

irb-  +  l  _  l  +  a-c'     ■ia  +  b-+h-c'  _cr+2ah  +  Jr 
(r+b''       a-^c}  6^Tc^  W -Ibc^c"' 

(2)  Shew  that 

{ (6  +  c)  -  (cZ-«)|2  +  <(c  +  (Z) -(&-«)}=  + I (&  +  c?)-(c-f/)|  = 
+  (/;  +  c  +  fZ  -  a) -  =  4 (rt-  +  ?>-  +  c^  +  tZ- ),  when 
rt  =  1 ,  />  =  2^  c  =  3,  and  d  =  4. 

(3)  Find  the  sum  of 

.c}  +S.xy^  —;jcz'^-\-j'.'''y-\-x^z  +  ox-y''  -\-ox-z- 
+  Sxy'z  -  oxyz'-  -  Gx^yz  - x/y  +  y*  - yz^  - Sx^y-  +ox-yz 
- oxy'  - oxyz-  - oy^z  +  oy-z'-  - Gxy-z- x'^z-\- 3?/^2  +  s* 
■\-?iX'iiz-ox'-Z'  +oxy''-z-\-xz^  -oy-z"^  +2/^^  +Qxyz-. 

(5)  From   (r'  —4a^b'  -Scrb^  -llab*  -l^b''    subtract   succes- 
sivelv  a-'  -2a'b-3aVr  ;  2a'b-^a^b-  -Cya-b^  : 

Serb-  -ini-b'-  -9ab'  ;  and  Acrb^  -Sab*  -l^b". 

(6)  Reduce  to  simplest  form  { 2a  -  (ob  +  c- 2d) ] 

-{(2a-3b)  +  (c-2d)}  +  \2a-{db  +  c)-2d] 
-\{2a-ob  +  c)-2d\. 

Ezercise  44. 

(1)  Put  brackets  round  the  quantities  containing  like  powers 
of  X,  in  the  expression 

ax^  -bx^  -cx-  bx^  +  ex-  -  dx  +  cx^  -  dx^  -  ex. 
Put  X  onti<irlo  onrh  bracket. 
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(2)  Multiply  X-  -\-y'  +z-  +  xy - xz  +  yz  by  x-y-r  z. 

(3)  Multiply  a-  +  \lr  +  9c-  +  lah  +  ?Htx  -  Cibc  by  a -2b-  3c. 

(4)  Multiply  a*  -2rrb  +  3a-b-  -2ah'  +b'  by  a''+2ab  +  fj'. 

(5)  Multiply  rt-  +<'/./• +  .c'-  by  cr  -ax-\-x-. 

Learn  this  product  by  heart. 

(6)  Multiply  (^  -  26  f  3c  +  d  by  a  +  2b-ic  +  d. 

(7)  Divide  1 +6x^  +  502''  by  \+2x  +  x'. 

(8)  Divide  « °  -  Ga  +  5  by  «-  -  2^;  + 1. 

(9)  Divide  x^  -2x^  -\-\  by  x'  -  2x  + 1 . 

(10)  Divide  ««+2a'6'+Z>'^  by  rt-+2^/6  +  />^ 

(11)  Divide  a  -  +((b  +  2a c  -  2b'-  +  Ibc  -  3c-  by  a  -b-]-  3c. 

(12)  Find  the  remainder  ■vvlien  x^ —px~ +qx  -  i' i^  divided  V)y 

X  -a. 

(13)  Divide  to  four  terms  of  quotient  and  give  the  remainder  in 

1-^(1  -2x  +  X'). 

(14)  Solve  the  equation  ^{ox'  +x)-  ^{2x'  +x)  +  l(x-  +  x)  -  2-/,r 

=  -c-  +  n  +  l(x'  +  x)  - -i\-{x^  +  ox). 
N.B.  -Multiply  through  by  60. 

Ezercise  45. 

,..   2x  +  o     cc-12  ,  ox  +  l     -,  ,  4x^  +  3    n    -, 

(1) + =03+ — ,  find  cc. 

^  '^      11  3  4  ^        12    ' 

Hint. — Multiply  through  hy  12  ;  collect  all  like  terms  and 

get  \--i{2x  +  S)+x^l6,  etc. 

(2)  -^(2x  -  3)  -  i(3cc  -  2)  =  l{Ax  -  3)  -  3-^-,  find  x. 

N.B.— Use24. 

(3)  5(.r-9)  +  i(x-5)  =  ?(cc-7)  +  li.       N.B.— LTse9,  then  3.'). 

(4)  ^(Ix  +  20)  -  -A<3x  +  4)  =  ,V(3;r  + 1)  -  ^,(2d  -  Sx). 

N.B.  ^  =  -j3.-;  -iV=2l)";    add  each  side  separately ;  multiply 
through  by  4,  and  get  l{bx  +  28)  =  i{Ux -27). 

(5)  -h(2x  -  1)  -  -M^x  -  2)  =  Vs(^  -  12)  -  2V(x'+  12). 
N.B.— Use  144,  and  get  'h{2x-\)=^tC: 

(G)  Divide   G20    marbles  among  J,   B  and  C.       Give  A  4  for 
every  3  to  B,  and  .4  G  for  every  5  to  C. 
N.B. —Let  12jc  =  .1's  share,  etc. 

(7)  (.r  +  1)  (x  +  3)  (.r4-5)  =  (jc  +  7)  (.c+t))  (a? -7),  find  ir. 

(8)  Water  expands  10%  when  it  turns  to  ice  ;    how  much  per 
cent,  does  ice  contract  when  it  turns  to  water? 

N.B.— Let  100j:  =  volume  of  water,   ,-.  llOj'-etc.  etc. 


86  !M   ni.K     Mllool.    ALGEBRA. 

Ezercise  46. 

(1 )  AVrite  down  tlit-  s^uarf-  of  1  -^'l.r-  .ir  -  hx'  witlKun  ;u-tii:il 
luiiltiplication. 

I  -2  I  ^Iiil  t  i]  -ly  ((/  +  f>  +  ^-'i  (/'  -\-h-  c)  1  iv  (a  -h  +  c)  (b  +  c  -  cf) . 
('■'>]  Divklf  1  -  .\,r  by  1  -  ;\.r-  |a:--  to  five  torm^;  of  quotient. 

lIiXT.— -^[nlriply  liorn   dlvir^or  ami  dividend  by  12  befcr? 
dividinp,-. 
(T)  Remove  the  braikets  iind  simplifv  the  expression 

(."))  Expand  and  simplify  the  expression 

\rf  -  (h  -  c)\-  +  \h  -  (r  -  a)]-  +  \c  -  (a  -h)]- . 
Hint.  — Eemove  the  inner  brackets,   then  write  down  the 
expansions  itndev  one  another  and  add. 

(C,)  Test  the  acrnracy  of  yonr  result  in  No.  .'  by  puttin^j; 
(( —  h  =  c~\. 

(7)  If  .r  =  h.  and  ,r +  //  = -X' +  //  +  .*--- 0.  find  tlie  vakie  of  the 
cxj >ression  (//-  -  S" )  {?/'  +  "i"  -  ?/('^'  -  ^) ! • 

(S)  Divide  85.000  among  A.  B.  C,  so  that  B  shall  ^et  twice  as 
mufh  as  C.  and  .4  three  times  as  much  as  B.  after  paying  F<1'0 
to  7a       N.B.— Let  ,T=--r'"s. 

(0)  Tf  a  -b  =  .r  =  >\.  and  a  +  b'  +  .r  =  '-2.  what  is  the  value  of 
(a  -  h)  ;  X-'  -  2ax-  +a-x-(r/  +  bVr  \  ? 

(10)  -^^((]:r  +  W-^-^,(ll-^x) 

=  7)x  -  48  -  ,',(13  -  X)  -  -,-V(21  -  2./-). 

K.B.— Multiply    through    by  oH.    and  then  collect  tern:s. 
next  multiply  l\v  18. 


Ezercise  47. 

(1)  Find  the  difference  between  the.=5e  two  expressions  :  — 

(??  +  2 )  (??  +  o )  in  +  4)  and 
2\\ii-l{n-\)\  \n-l{ii-2)\  \n-l{n-\l)\. 
HrxT.— In  tlie  2nd  quantity  24=-2x3x4.     Multiply  the 
first  bracket  by  2.  the  next  by  :>.   and  the  List  t.y  4. 
and  redur-e. 

(2)  AVhat  multiiilier  will  give  with  r).r  +  4  the  product 

«>0^-+5:k7?  +  4? 

{?•>)  Find  the  coefficient  of  vr  in  the  product  of 

,./.  +  2l  r.-,'4-10~\  f.r-r>^    (.r-<\\. 
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(4)  .1  leaves  Seafoith  at  G  a.m.  at  o  miles  per  hour,  at  8  a.m. 
B  follows  liim  at  1  miles  per  hour  and  overtakes  him  at  Strat- 
ford.    Find  the  distance  between  the  places. 

(.'))  Two  ves-;els  contain  a  m'xture  of  water  and  wine;  in  .1 
there  are  2  of  water  to  o  of  wwc.  in  li  ."5  of  water  to  7  of  whie. 
It  is  required  to  form  a  m:Xture  containing  t")  j^allons  of  wnter 
and  1  i  of  wine.  How  many  gallons  must  be  taken  from  .1  and 
irrespectively?  N.B. — Let  50.:/;  and  50?/  l^e  the  numbers  from 
each,   .-.  4  c  -|-  ."3  ?/  =  1 ,  etc. 

(0)  A  pound  of  tea  and  3  pounds  of  sugar  cost  60  cents,  but 
when  tea  is  10%  dearer  and  sugar  50%  dearer  they  cost  70  cents; 

lind  the  ijrices. 

Zzercise  48. 

n  'i   If  -2'!  =^'M>  liii'l  1^A>'  nn.iiierical  value  of and  of . 

a  +b  a-  +h'- 

.\.B.  — Muii  I'ly  iii'j  K.-rms  of  tlio  fractions  by  2.  and  l)y  4 
respectively  befoie  substitution. 

(L>)    ,\  {Sr  -r  7)  -  M2x  -T)  =  1{j:  -  4)  -  2^,  find  ,: 
N.B. -Add  each  side  separately  and  reduce. 

(o)  A  stage  makes  the  trip  in  5  hours,  but  if  the  speed  u«.i.;  - 
miles  an  hour  greater  the  trijD  could  l:)e  made  in  o.\  hours  :  what 
is  the  length  of  the  journey? 

<4)  If  a  horses  are  worth  h  c'_>v\>.  ;iu'l  <.  <<.'\\>  ai^^-.  wuith  il 
.»heep,  find  the  value  of  a  horse  when  a  sheep  sells  for  SIO. 

(5)  o2j.-4-81</^43,  28x  — 397/  =  l,  fiiid  x  and  y.     See  Xofr. 

i'J)  9Ja-  +  T5?/-102,  92.r  +  80?/-101,  find  .7;  and //. 
X.  B.  — In  5  and  G  subtract  the  equations  first,  then  multiply,  etc. 

iji  It  a  gallons  at  p  shillings,  b  gallons  at  q  shillings,  and  <• 
L,'alloi:s  at  /'  shillings  are  mixed,  what  will  be  the  value  of  onv3 
uall'iu  of  the  mixture? 

Bronze  cojitains  70  pounds  of  copi^er  to  -lO  pounds  of  tin. 
huw  riiuch  copper  must  be  added  to  112  j^ounds  of  bronze  10 
jiiiik;'  1  :ii>,  niixtunj  contain  1'!%  of  tin? 


E:ccrciso  49. 

'  1  '  Simplify-  (2jc  -  1)  (2a;-  +  h)  (^^  +  Ij- 

.  rl)  ReducGa-(b  +  c)  +  b^{c  +  a)  +  c-{a  +  b)-(a-\-b){b-\-c){^  +«  • 
Test  your  results  in  No.  1  and  Xo.  2  by  puttinga*,  a,  6,-c',  each  —  1. 
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(3)  Show  that  a?  =  2  is  one  sokition  of  the  equation, 

x^  -\-S  =  2x^  +llx-  14. 

(4)  What  is  the  L.  C.  M.  of  ox^y ;  2jc?/"  ;  ^xyz  ;  and  4x-y.^ 

(5)  21  (X  -  2)  +  28(2jc  -  6)  =  14(ic  -  G),  find  x. 

(G)  What  is  the  G. CM.  oi  Six' y' z'' ;  GOx^-y^z"" -,  l?>2x^ if  z' '' y 

(7)  Without  multiplying-  out  the  brackets,  show  that 

iV  +  q  +  r)-  -{p-  +q'  ^r-)  =  p{q  +  r)+q{p  +  r)  +  r{p-^ij\. 

(8)  Give  the  L.  C.  M.  of  {a-b)  («-c);  {h-a)  (b-c)  ;  mvi 
(c  -  a)  (c  -  b)  as  tlie  product  of  three  factors. 

(9)  Tlie  i:)opuIations  of  5  towns  are  a-\-b  ;  b  -\-c  ;  c  +  d  :  d  4- '  . 
and  e-\-a.     Find  the  average  ^jopulation  of  eacli  town. 

(10)  Sold  a  cow  for  $42  at  a  loss ;  if  I  had  sold  her  for  SoV 
the  gain  woul^l  have  been  four  times  vcij  present  loss.  Find  the 
cost  of  the  cow. 

(11)  li  x=^a  +  o ;  y  =  a  —  h;  find  the  value  of 


£i  zeroise  50< 

(1)  Show  that  (a;  +  l)  {x^2)  (jc  +  3)  (;;c  +  4)-24 

-(x  +  4)  (x  +  2)  (x2+5x  +  8)  =  0. 

(2)  Show  that  (,t  + 1)  (x  +  3)  {x  +  5)  {x  +  7)  4- 15  divided  by 

(x  +  2)  (x  +  6)(x2+8x  +  10)  =  l. 

(3)  Solvetheeauations,  45x  +  8?/  =  350;  2l2/-13aj=132. 

(4)  Find  the  values  of  x  and  y  from,  the  equations, 

ix  +  iv/  =  42j  ix  +  J?/  =  43. 

('))  Three  pounds  of  one  sort  of  tea  cost  as  much  as  four 
pounds  of  a  second  kind ;  nine  pounds  of  the  first  and  eight 
l)Ounds  of  the  second  kind  cost  together  §5.40.  What  is  ihe 
price  per  pound  of  each  kind  ? 

(G)  I  have  two  bars  of  metal ;  the  first  weighs  30  pounds  and 
contains  80%  of  pure  gold;  the  second  contains  90%  of  gold. 
How  many  pounds  of  the  second  must  I  fuse  with  the  first  bar 
to  cast  a  third  bar  containing  87%  of  pure  gold? 

(7)  A  boy  swam  half  a  mile  down  stream  in  10  minutes  ;  in 
still  \v\ater  it  would  have  taken  him  15  minutes.  How  long  will 
he  take  to  swim  back  again  ? 


SECOND    STAGE. 


FACTOirrNG, 


Ezercise  51. 

(1)  If  x  +  ci  multiplied  bv  x  =  .v-  +ax,   what  are  the  factor?;  of 

(2)  Factor  x^  -  5^=  ;  12x  +  ASx-i/;  27-l()2x;  17x'-6\x. 

(3)  What  are  the  factors  of  2a^-cr+a.?    Of  Cyx-irz-  +^xi/:^ 

(4)  Factorise  Sx""  +iHrx'' -oa^x ;  and  Ip^-  -Ip^  +343y>\ 

(5)  Factor  4/r  ■^'ocrh''  -  2b-  ;  and  26a"b^ +o^a*b'. 

(6)  Separate  x^y-x-y-  +2xy  into  two  factors. 

(7)  Separate  ba'bx^  -  Ibabx-  -  20b^x'^  into  two  factors. 

(8)  Factor  obm^y  +  2Sm-y'  -limy^. 

(9)  Factor  12x^y^  -  24oc*?/=  +36x"^2/'  -  12.r=  ?/^ 

(10)  Factor  dxJyz'  +6x'yz^  -  Ibx^y-z""  +  ISx'^i/^z. 

(1 1)  x'^  -  bx*  +5x2-3  is  one  factor  of  ./• ' "  -  IT./-*^  +  Ix'  -  9, 
find  the  other  factor  hv  division.  Test  vour  answer  hv  putting 
./•  =  !. 

(12)  x' -Gx^ -dx'+dU^-120  =  (,r-2)  (x-S)  (x+\)F,  find 
F.     Verify  your  answer. 


Ezercise  52. 

(1)  A-  -  B=  =  (A  +  B)  ^  A  -  B) ;  what  are  the  factors  of  />-  -  </- ? 

(2)  Factor  121  -  IGy-  ;   121  -  OPnr  ;  and  4^^ ..  o->. 

(3)  Apply  the  formula  in  Xo.  1  to  reduce  the  followin.ii- 
arithmetical  expressions:  39"  -31-  ;  51"  -49-  ;  275-  -22.'i-  : 
329- -171-  ;  and93(P-(>4  =  . 

(4)  Factor  lOO.-c-//"  -121</-//-  ;  and  (^3^:"  +  .'))-  -  (.'./• -i-:^-. 
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(5)  Factor  (a  -b) -■-<■'-  ;  and  x-  -{a  -l)f . 

(6)  Find  the  factors  of  («  +  6j^  -  ic-d)-. 

(7)  Factor  (arjo  +  by)  -  -  1  ;  and  2ab  +  r/ ^  +  />  -  -  .  - . 

(8)  Factor  a* -b^  :    andr/^-&^    into   three  nnd  foui-  factors 
respect  iveh'. 

(9)  Express  x^^  -y^^  in  five  factors. 

(10)  Factor'a-  +  126c-4/>2_9c2.      • 

Hint.  —Take  the  last  3  terms  together. 

(11)  Factor  x~  +  y-  -z-  -  d'  -  Ixy  -  Idz. 

Hint,  —Take  the  terms  3  together. 

(12)  Factor  cc"  -  ?/-  +s-  -«^  -2xz-^^ay. 

(13)  Factor  Mab-\-cdV-  -  {a'  +!>''-€-  -d^y. 

Ezerciss  53. 

(1)  A=+2AB  +  B-=(A  +  B)-.  find  the  factors  of 

X' -\-2xy^-y'—,  Aa~ +Aab  +  b'' :  ^a- +12ah^-Ah'- . 

(2)  r/>- +12JC.V  + 3^2/2  ;  ^a'x^^  ^^^^cr-x^y  +  r^^x'y^- . 

(3)  cc=+18.x  +  81;  81rt''+3'^n'z2+lG. 

(4)  4,x^-80x'^?/'+--C0?/*;  3Gx-*2/' 4-12.r-2/' +  1- 

(5)  36«2+84a&  +  49&2  ;  771^ +162;?^ +G5G1. 

(G)  121a=+220rt.!?  +  100Z>2  ;  223.r= +330^?/- 4-144^/*. 

(7)  A=  -  2AB  +  B2  =  (A  - B)- .  find  the  factors  of 

X'  -Ixy^-y"  :  Aa-  -iah-'^-b'  ;  da'-  -fiab  +  b-. 

(8)  Ax^-12x'y-  +9y'  ;  2:ym'n~  -'^Omhrx^  +9x\ 

(9)  816*c-  -126Z>-cf?^  +  49.7"^  ;. 400^2  -12007??7z-  +900;?^ 

(10)  idm.'''  +  UQm^n-  +  lQ>Qn^  ;  Aa*x-  -20a-x^y  +  2hx'y\ 

(11)  lC.9:r-y-  +SCAX2J-Z^\^^2r-J  ; 

•2b{](rb'  -bUab-c  +  -2Sdb^-cK 

(12)  324m*5+432;7r?i^+1447i^ 

(13)  3Gla-^-'"  -r,84a'»+»  +  324f<X 

Note. —The  student  would   do  well  to  work  Exorcises  ."il, 
52  and  o-J  over  aaraiii  several  times  liefore  proeeedii.sr  farther. 

Exercise  S4. 

(1)  A-+A(B  +  C)+BC--=(A  +  B)  (A  +  C); 

a-  +  7rif  +  10  =  (a  +  5)  («  +  2) ;  find  the  factors  of  x-  +  3.r  +  2. 

(2)  Factor  rr  + 1 5.T  +  5G  ;  .7-  +  14,r  +  40  ;  a  -  -  la  + 10. 
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(:j)  «-  +  llrt  +  24;  X-+21CC  +  110;  m-  +ldm  +  Ab. 

(4)  CC--29X+190;  x--9x-190;  ic-+29x  +  190. 

(5)  cc=+9:c-190;  ?/-2- -  28«/>?/2  + 187^=6-. 

(6)  a:-?/'-27cr?/  +  2G;  a'f/' -l^crb' +  '30. 

(7)  c-c7--30a^cc/  +  22Ur6- ;  rrc" -24«c2.  +  14:J2=. 

(8)  x-+:xx-li]  cc= -34^  +  225;  ia- -lila.v  +  d.r-. 

(9)  a-x--h-if  ;  (.r  +  3?/=)- -  (.x-G/y-j^ 

(10)  (a+7^  +  c)--2(r/+Z>  +  c)  (/,  +  c)  +  V->  +  c)-. 

(11)  X' -\- x(y  +  z) -\- yz  ;  x^  -x(y  +  z)  +  yz. 

(12)  Applv  (a  +  b)  (a-h)  =  cr  —b-  to  find  the  products  of 

79x81  and  118^x1213. 

(13)  What  are  the  factors  of  a-  -i-^ab  +  b^  +a+b.'^ 

(14)  Find  the  common  factor  of 

x'^-llx-'SS:  and  .1'- -1-11^:^-570. 

Eserci^e  55. 

(1)  (A  +  B)  (C-hD)  =  AC4-(AD  +  BC)-|-BD.  01)serYe  that 
tho  produot  of  the  oxtroirkC  tonus,  viz.  AC  and  IH),  is  oqual 
to  the  product  of  the  two  luiddie  termSj  viz.  Al)  and  BC, 
oaeh  i)rodiict  being-  ABCl). 

(2)  Muhiply  (3r-l-J)  (2r  +  3)  and  i>-et  the  product 

()x' '  +  (><x  +  'i)i  )  +  \  2.     Observe  t h at  Gx-  x  1 2  =  .^.r  x  9x. 

(3)  Factor  G.c'- -f-17,r  +  12.  Separate  17,r  into  two  parts 
wliose  product  shall  ])c  =  G,/j- x  12,  or  72.r-.  These  paits  can 
only  be  8a:;  and  9,r. 

(0,r-4-9,r)-f(8jc-l-12)=3x(2j;  +  3)  +  4(2x  +  3)  =  (2.r  +  3)   (3,r  +  4j. 

(4)  Factor  4,c=-l-13r  + 3.       Hi\t.  4^2  x3 --=  12.r- =  ABCD 
13x'=12.z;-f.r;  thus  4x'  +(12x-|-.c) -h3  =  4.r(.r-|-3)-t-(./'4-3). 

(5)  Factor  8,c-+34.r//-h21?/^ 

Hint.   oAxy=^(ixy'+2Sxy ;  lG8x\?/=^  =  ABCD. 

(('•j  Factor  2x- +5.'"// +  2//-.       Hint.   i).ry  =  Axy-\-xy:4x-y'-. 

(7)  Factor  8a- -f  14<//> -  15/>'.  Hint.  ABCD-  -  120^7-6-. 
hence  split  lAab  into  -\-20ab-Gab,  and  proceed  as  before. 

(8)  Factor  6x=  4-r).r-4.  Hint.  ABCD  =  21.r-.  Split  5^  into 
two  ]>arts  whose  ]-)roduct  shall  be  -21./'-',  /. ^'.  80:"  -  3,r.  Proceed 
as  before. 
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Ezercise  56. 

(1)  Factor  12x-+31x  +  21. 

Hint.   12x21=4x3x7x3  =  28x9, 
hence  split  Six  into  2Sx-\-9x. 

['2}  Factor  12x-  -37x  +  21. 

Hint.    -31x= -2Sx-9x,  A]8CD= +2o2.r^ 

(3)  Factor  56j^- +  137x- 27885.       (Matriculation,     Toronto 
Uiiirrrsity. )     Hint.   27885  =  15  x  11  x  13-  =  1(35  x  169  ; 
5G  =  7  X  8  ;  and  8  x  165  -  7  x  169  =  137. 
Hence  say  137jc  =  8  x  165,X'-7  x  169^?,  and  write 
56.C-  +8  X  165x  -  7  X  169.-C  - 165  x  169  and  factor. 

(A)  Factor  12ar -5^-2;   12jc--7u:  +  1;  12^--jl--1. 

(5)  3a:'--2a:^-5;  3jc-+4x-4;  6x-+5^-4;  4x--+13a^  +  3. 

(6)  6.v^-+7^--3.^2  .   Ucr-  -2oah  +  2h'  ]  Qx"- -\-l^xy -'y- . 

(7)  12x-  -x-\'j  4j€-+8x?/  +  3?y- ;  Glr  -"ihx -ox- . 

(8)  7^-  + 123^-54.    Hint.  ABCD  =  7.3.3.3.2  ;  126-3  =  123. 

(9)  5ic2 -29.r?/  + 362/2  ;  16c--48c  +  35;  x=-10x-39. 

(10)  5x---38jrj  +  21;  3x--x-2',  3.^=  -  7x'-6;  3j;- +llu:- 20. 

(11)  2jc-  +  ll.r  +  12;  \Qy- -^^lyz-lz-  ]  4.x- -Uxy->tl^y- . 

(12)  25?/= -25?/2  +  62- ;  49jc° +  14x^?/-15i/^ 

(13)  731a;=-20x'2/-319?/=  ;  413a= -606«6-2996-. 


Note. — It  is  easily  seen  tliat  the  formula  of  Exercise  55 
inclitdes  those  given  in  Exercise  52,  53,  54.  The  student 
should  pause  here  and  .apply  the  formula  of  Exercise  55  to  the 
examples  sriveu  in  Exercises  52,  53,  54.  If  a  given  expression 
is  the  product  of  an^*  two  binomial  factors,  like  x  +  y  and  w  +  z. 
the  factors  can  be  found  b3-  this  method.  For  example  a'  —b- 
inay  be  written  a-  +0.ab-b-.  and  we  require  to  divide  0  into 
two  parts  whose  product  is  -1,  for  ABCD  =  -a-b-.  These 
parts  are  evidently  +1-1,  and  we  have  a-  +ab-ab-b-, 
which  is  =  a(a  +  b)-b{a+b),  or  {a-\-b)  (a -b),  as  in  Exer- 
cise 52.  This  method  is  therefore  more  greneral  than  the 
others  and  deserves  careful  attention.  As  algebra  is  the  soul 
of  mathematics,  so  factoring  is  the  soul  of  algebra.  The  subject 
cannot  be  treated  exhaustively  in  a  small  book  of  elementary 
exercises,  but  what  is  here  given  will  be  found  of  the  greatest 
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service  in  the  advanced  course  where  very  difficult  examples 
often  occur.  The  methods  of  Symmetry  and  Substitution,  and 
tlie  Theorj'  of  Divisors  will  be  comparatively  easy  if  the  student 
will  patiently  master  these  easy  cases  of  factoring  thoroughly. 


Ezercise  5*7. 

(1)  A^+B^=(A  +  B)  (A--AB  +  B2).     Prove  this. 

(2)  What  are  the  factors  of  x^  +y^  ;  m^  +  Ji^  :   ic^  +z^' '? 

(3)  Factor  8^2+ &^      KB.   8rtC(2a)^ 

(4)  Factor  Sa"" +21b\      KB.  This  is  {2ay  +  {Sby. 

(5)  Factor  125cc='+343?/'' ;  21Gm^ +512«=^  ;  729;/^ +343.s•^ 
(♦))  Factor  «''+&'••.      KB.  This  is  («-)^  +  (6')\ 

(7)  Factor  rt^^-6^      KB.  Th\s  is  (a^^  +  {j/)\ 

(S)  Factor  x'-+ij''  ]  x'^-\-y';  I^j^Ax''^ +  112Stj'\ 

(9)  A'-B-^=(A-B)  (A=+AB  +  B  =  ).     Prove  this. 

(10)  What  are  the  factors  of  x^  -  ?/"^  ;  m*^  -  ii"^  ;  w^  —  z''  ? 

(11)  Factor  8a^ -6^  ;  Scr -21b\ 

(12)  125a;' -343?/^  ;  21G??r  -  512;i2  ;  729p^- -3^Ss\ 

(13)  a^  -b'';  a'  -b"" ;  x'-  -y'-]  x'^-tf;  1331^;^^ -1728a;  • 

(14)  Factor  21970^2^- 2744?/^ «  ;  2197jc^  ^ +27442/-^ 


Ezercise  5S. 

(1)  A*f  A2B-+B*=(A=+AB  +  B-)  (A=  -AB  +  B-). 
Prove  this. 
-    {2)  x^ +x-y' +y*  ={x^ +2x-y- +y^) -x-y- 

=  {x-  +  xy  4- ^" )  (x^  -xy  +  U' )'     See  Exercise  52. 

(3)  cc'  +cc\t/*  +y^'  Add  x*y*  to  this  and  subtract  xU/*  from 
it,  and  get  (x*  +x'-y-  +y^)  (x*  -x- y-  -\-y^).  by  applying  a-  -b- 
=  (a  +  b)  (a-b).  Separate  the  first  bracket  into  two  more 
factors. 

(4)  Factor  x'  +0x-  +81  by  adding  9.r-  -dx\ 

(5)  Factor  IGa*  +4a'x^  +x*  by  adding  Aa'^x^  -Aa^x^. 
(G)  Factor  81  rt*  +3Grr  +1G,  and  .-r^  +lG.r=  +2nG. 

(7)  a'4-4rt=  +  lG;   ?»^4-25??i*+G25:  ;>" +/>'+!. 

(8)  Factor  Ax*  -'dlx'y-  +9?/^  by  adding  2ixr-y'  -25.r-//-. 

.     (9).Factor61a;'  +  128a;'^'  +81^^  by  adding  HSx-y-     lGc.y\ 
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(10)  Factor  Sla'  -2Scrb- +  l()b'  U'  adJiiii;-  lOOcrh-  -  llia-h-. 

(11 )  Factor  da'  +-21a-cc=  +25.r^ 

(12)  Factorise  IGa^-* -ITx- +  1. 
(1^)  Factor  49«*  -  Ibcrb-  +  121/>^ 

(14)  Factor  x-'-llx'-ii/^-f/y*. 

(15)  Factor  ^•'-63x-?/-+81?/\ 

Ezercise  59. 

(1)  Factor  x'^  -^2bx^^  +oax  +  Qab.  Hint.— Select  any  letter 
in  the  expression  that  appears  in  only  One  and  the  Same 
power  throug'hont,  e.<j,  a'or  b.  Grou'p  these  together  first. 
Thus,  arran^ae  {Sax  +  (^ab)  +  etc.,  or  {2bx-  +  Cutb)  +  etc. 

(2)  Fa,ctOY  2x'  +bxy-ijy-  -4xz  +  2yz.  N.B.— Herez  is  the 
only  letter  that  has  the  sainc  poivcr  throughout.  arrange  thus 
(2as"  +  bxy-oy-)  -  {Axz  -  Hyz)  and  factor  eacli  bracket. 

(3)  Factor  a~  -x~  -ab-hx.     KB.— Pick  out  b,  and  group. 

(4)  x'^  -y"-  -xz-\-y~.     N.B.— Pick  out  z,  and  group. 
(.'))  ab-ac-b"^  +hc  ;  '2x'^  +-lxy-\-2y'  -\-2ax  +  2ay. 
{%,  2x'-  +  '2xy  -  12?/2  +  Cxz  +  iStjz, 

(7)  (a  +  oi) -  - 9 (Jj -c)\     See  Exeixise  52. 

(8)  £6'-  -  xy  - €?/-  -'ixz^  \2yz. 

(9)  lSx2-24sc^  + 82/2+ 9x2 -6?/2;. 

(10)  6a^-lG5^+lla2^>2  _o5c2  +  io?^2^255=c2-15a-4-10crc-. 
KB.— .Take  c-.  and  spl't  Wa-b"-  into  \ba-W  -^\a"b'  : 

group  in  three  brackets,  factor. 

(11)  72^"  -  85-  +  bbab  +  20Z)c  -  loOc/c  +  20c  -  9^  +  8/>. 

KB.  55^6  =  64a& -9(^6;   group  iu  o  brackets  and  factor. 

Esercise  60. 

(1)  Expand  (r?-,%  +  c)  {a-^b-Zc). 

(2)  a-  -  ob-  -  3c-  +  106c  -  2c£«  -  2ab.     Factor  this  expression. 

Note.— If  an  expression  like  this  contains  only  terms  like 
a-,  h-,  c-  and  like  be,  ca,  ab^  it  is  nsually  easy  to  factor,  i.e.  if 
it  can  be  expressed  as  the  product  of  two  trinomials  like  those  in 
"No.  1.  If  all  the  signs  are  +  it  is  only  necessary  to  factor  the 
terms  like  a'-,  b-,  c'-,  and  so  arrange  them  by  trial  as  to  get  the 
Lcruis  like  bc^  etc.      This  <"an  generally  be  done  by  insi)e«-tiou 
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after  a  little  practice.  It  is  not  quite  so  easy  in  case  .some  of  tlie 
terms  are  negative.  Observe  that  in  No.  1  the  final  i»roduct  must 
contain  0? -o//)  (rt  4- ^>J  ;  (a  +  c)  (a  -oc)  ;  aii«l  {-'■>!)  +  (■)  (h -'■>(:). 
Hence  group  all  the  a  and  b  terms  of  No.  2.  all  the  b  and  c  terms 
and  all  tiie  c  and  a  terms,  and  factor  each  group  separately  thus  : 

tr  -  2ab  -  36-  =  {a  -  ob)  {a  +  b) ; 

a'  -  ^ca  -  3c-  =  (a  +  c)  •(«  -  3c) ; 
-3?>-4-106c-3c-=(-36  +  c)(6-3c). 
This  shows  plainly  that  -  ob  goes  with  +  a  and  +  c,  i.e.  a  -  ob  +  >: 
is  one  factor.     Similary,  it  is  readily  seen  that  —  3c  goes  with  +  >/ 
and  +'),  and  that  a  +  h  —  oc  is  the  otlier  factor,   and  the  result 
can  be  tested  by  niuitiiilication. 

(3)  Factor  2.?/-  -  bxy-\-2..c'  -  at/  -  uj:  -  a-.  N.E.  —  Groupiuic 
//and  x  we  get  (2//-X*)  (y  —  '2x)-  grouping  //  and  a,  {•2t/  +  ii) 
(Jj-ti) ;  which  is  enough  to  show  that  'ly-x-rci  is  one  factor, 
and  y  —  'lx  —  a  the  other  factor.  There  can  be  no  others,  for  t lie 
given  quantity  contains  no  term  of  higher  Dhitcn^ious  than  tlic 
second  power. 

(4)  2a=-7a?j-226^--rur-35i'j  +  3.  KB.  (2a +  1)  (a -3)  and 
(2«-  116)  {a-\-'lb)  are  sufficient  to  show  the  factors. 

(5)  2a--5«5  +  26--17t^  +  136  +  21. 
(0)  Gjc" -37f/.r  +  '3a- —  5aj  — 5a- I. 
(7)  C //« -  -  bmy  —  'jy"^  —m  —  oy-A. 
{^)  ijJz'  -  Sk77i  +  oni'  +  7/j  -  Dm  +  -  • 
(9)  Gk'  +ky-y\-^kz  +  6tjz-d:i'. 

(10)  Gjrj-  -'ixy  +  y^  +obkx  —  oyk  -6k- . 

(11)  2x^^-xy-ny'--byz-2z-. 

(12)  Gj)-  -rSpq  +  6q'  -\-l-2ap-Vrniq^6cr. 

(13)  Cx-  -lxy  +  2xz-'20y'  +6UjZ'--i8z-. 


Ezerci33  61. 

(1)  A=  -f  B'  +C'  +B-  +eLc.  +2AB4-2AC4-etc. 

+  2BC  +  2BD  +  etc.+2CD  +  etc.  =|^A-i-B-f-C-fD,  etc.)  =  . 
Henco.  if  any  ifiven  ex^rcssiou  contains  only  perfect 
squares,  like  A=,  B-,  C-,  etc.,  and  Double  Prodnrts  liko 
2aB,  'JBC,  2C1>,  etc.,  the  exuressiou  may  be  a  perfect  si^iuarc 
in  i  s-  -f  and  is  easily  factored.  The  method  given  in  Exercise 
GO  wAl  generally  apply,  but  the  following  is  shorter:  TaKe  \he 
S'^uare  root  ol  eacu  xiuare  trnn  amJ  (omi«»  t  these  with  the 
+  ui"  -  ^iijub  rc<iuu'c(i  u^  tiiu  Uoublc  proUuctj)* 
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(2)  Factor  x' +'2x^  -^ox"' -\-1x+\.  KB.  x^  and  1  ^vQjyerfevt 
squares ;  2x^  and  2x  are  double  irroduds ;  and  ?iX-  =X'  +2x-, 
i.e.  a  perfect  square  +  a  double  product,  and  we  see  that  the 
expression  is  of  the  form  cr  +b'  +(r  +'2ab  +  2ac  +  2hc,  whicli  is 
{a  +  b  +  cy. 

(3)  Factor  4«* -4^3 -3^2+ 2a +  1.  KB.  -^cr  =  -  ia"" -\-a-, 
and  all  the  other  terms  are  either  2^^^^]fect  squares  or  double  pro- 
ducts. 

(4)  •a'5  +2a^6  +  3a*&2  j^4.a^j)^  +^a^b^  +2aK^  +6^ 
KB.  3a*62  =2a^&2  ^.^4^2  .  similarly  for  ^a-b'  ; 

4a26^  =  2a'^&^+2a^&^ 

(5)  49x^+56x32/  +  30x-?/'+8cc?/2+?/^  KB.  T.r-  and  ?/2 
?;ui6'^he  two  of  the  terms  ;  their  douhle  product  is  14.r"7/^,  hence 
make  oOx-y'  =^14,x^7/'  +16.jc-?/-^  the  latter  being  a  square  term. 

Ezercise  62. 

(1)  Factor  rr +  12«7j  +  366-  ;  x-  —  So:?/ 4-16?/; 

4:a^X'y'^ -iabxTj  +  b^. 

(2)  X-  +  7/-  +2x1/  +  2;-  +  220:  +  2yz. 

(3)  «2  +  126c  +  462+6rtc  +  9c-+4a&. 

(4)  9^2  +  162/2  +  4?/  -242X  + 16a-  -  12x?/. 

(5)  81a=+9Z>-+c--54a&  +  18ac-6&c. 

(6)  cG*+4x^+6x-+4x  +  l. 

(7)  a'-2c=(Z  +  //^+26^tZ  +  c'*-2&^c2+^2^2a-(Z-2a-c- 

+  2a'b\ 

(8)  w*  +8»^''  +18»r-  +8m  +  l. 

(9)  4m-  -12?/i7?  +  20m?/  +  9?i2  -30?i?/  + 252/2. 

(10)  x''-6x^'  +  13x*-22.x'+34.T--20.r  +  25. 

(11)  a«  +6a-'  +  15a*  +20a3  +  15a-  +6a  + 1. 

(12)  x^  -6x^+15x^-20.r^  +  15x--6x  +  l. 

(13)  -^x'  +  ^?/=  +  }^s-  -  lxy+  \^xz-\^yz. 

(14)  |a-+a*6-+i6-+r^V;  +  ^a7>  +  rt  =  6^ 

(15)  m*  -\-m^  -\-im-  +im  +  ^. 

(16)  25x2+92/^--0625s=+30x^--2-5.r2;-l%=2;. 

(17)  3(3a2  _2a6  +  &=)  (a^ +3&=  )  +  &=(«  + 4Z>)^ 

Exercise  63. 

(1)  Find  the  factor  tluit  is  common  to  both  tlie  <iuanlities 
2x-  —  16JC  +  14.  and vC".— 5^4;-  11.   .^.B.— Factor .caoho-vj^rc^iiiou. 
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(0)  x'^~y^,  and  x^  -  2xy  +  y- . 

(4)  a--d]  a'-oa-lS-  and  «- +  lla  +  24. 

(5)  /)-  -3^9-28;  2>" -llj^'  +  28  ;  ^>'- -  lo^^  +  ofi, 
(G)  n"+G;?  +  9;  7i^  -  7i- -  12>/ ;  ?i- -4;?  -  21. 

(7)  k'-m'',  k^+k'-m-km^-m''  ;  k'-2k'm^-+m\ 

(8)  a*-2a262^6i  ami  a'  -Aa^b  +  Gcrb^  -4ab'  +b\ 

(9)  a2+3a-6  +  3a6-+63  ;  4rr6- +  12«Z>3 +86^  ;  aiidrt2_?>2^ 
(10)  x*+bx^+C^x-,  cc2+3x'2+3x  +  2;  and  3^2 +8^^ +5cc  +  2. 

Hint. — Factor  the  1st  quantity  ;  find  hy  division  whether 
;iiiy  of  these  three  factors  will  divide  the  2nd  and  the  3rd  quan- 
tities.    Observe  that  it  is  evidently  useless  to  try  x'-  or  ,r  +  3. 

(11)  IGmx^ -20??ix^ -f-10??Jcc-67»,    and  Smx^  -Ibnix  +  I27n. 

(12)  3A:-+21fc-132  and  Gkhj-hb-^V^y -ISQky -GGy. 

(13)  3x-+nx  +  G',  2x2+llic  +  15;  and 

x^  +4ic*  +4iX'^  -l-4a2-  +4x  +  3. 
N.B.   3x-|-2  ;  2x4-5  are  evidently  of  no  us<\ 

Eszercise  64. 

(1)  Every  MEASURE  of  A  and  B  will  also  measure  A  +  B 

and  A-B.  Take  the  two  numbers  A  =  28.  B  =  21  having  a 
measure  M  =  7,  and  show  that  this  will  exactly  divide  28  +  21, 
or  28  —  21.  Give  A  and  B  five  other  values  each  and  jjrove  that 
tlie  proposition  is  true. 

(2)  Suppose  A  =  wci?,  B  =  »,j' ;  what  is  the  common  measure  of 
A  and  B  ?     If  A  =  kmx,  B  =  Inx  ;  what  is  the  C.  M.  of  A  and  B  ? 

(3)  In  Question  2,  show  that  x  in  each  case  measures  A±B 
(read  A  plus  or  minus  B). 

(I)  Every  MEASURE  of  A  and  B  will  also  measure  mA±nB. 

Let  A  =  9,  B  =  6,  M  =  3;  show  that  M  will  exactlv  divide 
TA±4B;  225A±159B;  29A±23B:  1331A±729B. 

(5)  In  Question  4,  suppose  K  =  mx,  'B  =  nx ;  show  that  a?  is  a 
factor  of  ^>A±f2B  where  p  and  q  do  not  contain  x. 

(G)  If  ir  is  a  factor  of  PA±QB  and  is  not  a  factor  of  P  and 
Q,  show  that  x  must  be  an  exact  divisor  of  A  and  B.  Test  this 
by  putting  P  =  7,  Q  =  5,  A  =  39,  B  =  2r);  and  by  giving  these 
letters  five  other  values  each. 

(7)  If  A  =  2x--lGx  +  14,  B  =  x'2-5x-14.  Find  A  +  B  and 
factor  this  sum.  Determine  now  the  common  factor  of  A  and 
B,  if  they  have  any. 
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(8)  If  A  =  da-  +  Ua  +  S,  B  =  4a- +  ]9rt  +  12  ;  find  the  value  of 
3A-2B  and  factor  this  sum.  Can  a  be  a  factor  of  A  and  B? 
What  is  the  common  factor,  if  they  have  any?  Test  them  for 
n-\-4. 

(0 )  If  A  =  z-  -  ?/3 ,  B  = ,/: -  -  ^ry  +  y-  ;  find  A  - B /^  and  factor 
th'S  diffgience.  Can  ic?/ he  a  factor  of  A  and  B?  Can  2x-{-y? 
What  is  the  C.  F.  of  A  and  B  if  they  have  one  ?    lsx-y&  factor  ? 

riC)  If  A  =  -r-3.7-lS.  B  =  rr +  ll.r  +  ?4;  what  is  B-A? 
What  are  its  factors?     Which  one  is  a  C.  F.  of  A  and  B? 

(11)  In  Qnest'on  10,  find  B  -  A  as  before,  also  find  oB  +  4A. 
AVhat  is  the  common  7;/??6/7>??V/^  factor  of  these  two  quantities? 
Since  la  cannot  measure  A  and  B.  what  must  be  their  common 
factor  ? 

(12)  If  A  =  ok~+21k-lS2,  B  =^ Gk" y  +  :)4k- y -  ISSky - GCyy. 
can  the  y  in  B  be  a  factor  of  A  ?  Can  the  (5  in  B  and  the  3  in  A 
have  any  common  factor?  Strike  out  the  factor  3  in  A  and  Qy 
in  B,  and  set  aside  their  common  factor.  3.  Call  the  quotients 
C  and  D  and  find  their  C.  F. .  .y^  +  1 1 .  What  must  be  the  C.  F. 
..f  A  and  B? 

Ezercise  65. 

(1)  When  A  =  ox-  -  2,/'  -  1 .  B  =  (I./;-  -.>•-!.  show  that  B-A 
-  x{ox+  1).  and  that  B  -  2A  =-  ox  +  'i .  and  hence  infpr  flw  h/'ijhrsf 
common  factor  of  A  and  B. 

(2)  When  A  =  x^  -  3.r  +  2.  B  =  x^  +2x-  3,  show  that  B  -  A  is 
x-\.  and  that  2B-3A  is  hx{x-\-\)  {x  —  \)  and  hence  find  the 
H.  (\  F.  of  A  and  B. 

(3)  If  A  =  3a;-''-2.r--2./'  +  l.  B- ./;•• -.x* -3x- +4a?- 1 .  find 
their  H.  C.  F. 

^'.B.    A=3,x=^(.x-1)  +  (^'-2j^  +  1); 

B  =  jc^(r-  -  1 }  -(3.X"  -4a?  +  l~) ;  i.e. 

A  =  3x-(-r-l)  +  (x'-l)- ; 

B  =  x'(x-  -  1)  -  (3.r  -  1)  (x  -  1). 

(4)  If  K  =  ^^n'h-^aVr  -a'')'  ;  B-4r/^  -(V/-7;-4nr?>=  +3/^%  find 
th.e  H.  C.  F.  of  A  and  B.  N.B.  — Strike  out  from  A  the  simple 
factor  ah  which  is  not  contained  at  all  in  B  ;  call  the  qtiotient 
A  , .  Then  A  ■  +  3B  =  (22a-  -  oab  -  Ab-)a.  of  which  a  cannot  be 
part  of  the  common  factor:  ..  either  lla  +  ib  or  2a -h,  or  both 
or  neither  will  be  the  H.  C.  F.  It  is  plainly  useless  to  try  the 
first ;    .-.  tr3'  2a  -  b, 

(5)  llx*  -9ax^  -a-x-  -a\    and  Vox*  -lOax^  -2a-x-  -a\ 
X.  B.   B  -  A  :=  X-  (2,r  +  <7^   (./.'  -  a),  and  it  is  plainly  useless 

to  trv  the  first  tAvo  factors  :    ;    try  the  third. 
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Ezercise  66. 


Note. — In  Exercise  (ii  it  i-;  sliown  that  when  any  two  f4iianti- 
lies  have  a  measure  or  common  fact ryr,  this  measure  or  common 
factor  will  also  divide  the  sum  or  the  difference  of  any  multiples 
of  the  two  given  quantities.  This  principle  is  the  foundation 
of  tlie  oriliniry  ariJiinetleal  process  of  finding  the  (t.  (.'.  M. 
of  twi)  iiu.nh;»r>,  which,  as  the  student  knows,  is  conducted 
somewhat  like  long-  division.  The  first  remainder,  say  R  i ;  is 
the  difference  between  two  multiples  of  A  and  B,  the  two  i>iven 
numbers  ;  hence  every  common  factor  of  A  and  B  must  divide 
Ri.  Then  R. ;  and  A  are  taken  as  two  numbers  which  have  a 
common  factor,  and  Ro*  the  second  remainder,  is  found  ;  hence 
every  common  factor  of  A  and  Ri,  i.e.  every  common  factor  of 
A  and  B  will  divide  Ro.  At  the  end  a  remainder,  sa}'  R„.  is 
found  which  divides  the  last  pair  exactl}'  and  is  their  G.  C.  M. , 
and  is  therefore  the  G.  C.  M.  of  A  and  B.  Precisely'  in  a  similar 
way  the  H.  C.  F.  of  two  algebraic  expressions  may  be  found. 
:ihhouji;h  it  is  not  G:enerally  the  most  concise  method.  Thus  in 
Kxerciso  <).').  question  Xo.  1.  wo  may  proceed  in  this  way  :  — 

::/•-     -2.0-1  I   n.r'-.r-l    |  2 

3.r+l  i  ;>.r-  -Ijc-l  .  .£-1 


And  -jj:  +  1  is  the  H.  C.  F.  as  before.  The  work  inay  be  arranged 
more  conveniently,  as  may  the  work  in  arithmetic,  by  writing 
the  quotients  alternately  in  tin;  right  and  left  margins  thus  :  — 

i\:c-  -  4.r-2  I  2 
:; '  -  +x  I  .'V/'  +  l   ' 

-  1  -  :lf  -  1 


A  modification  of  this  plan  with  detached  coefficients  (Lp.  the 
coefficients  alone  being  used)  is  jierhaps  the  most  rapid  method 
of  proceeding  with  large  expressions  that  are  not  easih'  factored. 
In  using  the  above  i»lan  the  student  should  strike  out  from  R,, 
R2,  R3,  etc.,  any  simple  factor  which  is  plainly  no  divisor  of  A 
and  B.     The  operation  is  not  mere  division  :  the  purpose  and 
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end  in  view  is  to  find  the  H.  C.F.  of  A  and  B,  and  if  any  one 

of  the  remainders  contains  some  factor  manifestly  not  contained 
in  A  and  B  this  factor  is  of  no  present  nse  and  may  be  set  aside. 
Also,  a  simple  factor  may  be  introduced  at  any  stage  without 
changing  the  final  result.  For  instance^,  if  the  preceding  example 
contained  4x'  instead  of  oX',  we  might  multiph'  Gx-  -x-l  hy 
the  simple  factor  2  so  as  to  make  it  exactly  divisible  by  4x^  and 
thus  save  a  line  or  two  of  work.  The  student  may  apply  this 
method  to  find  the  H.  C.  F.  in  the  following  examples. 

(1)  cc- -Tx  + 10  and  4x-^ -25x- +20x4-25. 

(2)  8?/'-  +  14?/  -  15  and  Sy^  +  30?/-  +  Vhj  -  30. 

(3)  2a'+rt^-20a=^  -7^  +  24  and  2^' +3a=' -  loa=  -7a +  15. 

(4)  2m^  -8m^  +  12??i2  -Sm^  +2w  and  Bm^  -Gm^  +om. 

(5)  Sa^  +lba^b  -'Sa^b-  -Iba-b^  and 

10a'  -30a*&-  10«-6-  +30«6-'. 

(6)  3x"  +  (4a  -  2b)x  -  2ab  +  cr  and 

x^  +{2a-b)x-  -  {'2ab  -  a-)x  -  a^b. 

(7)  SOOa^  +  265a-  +  50a  +  24  and  60a-  +  53a  +  4. 

(8)  X*  +lx^  +lx'  -Ibx  and  x^  -2x^  -13ac  +  110. 

(9)  {b-c)x'+2{ab-ac)x-\-crb-a-c 

and  {ab  -ac  +  b-  -  bc)x  +  (a "^c  +  ab-  -  a  ~ b  -  abr  \ . 

(10)  20a^ +a- -1  and  25a*  +  5a^ -a-1. 

(11)  a'+3a*  -8a-  -9a -3  and  a' -2a^ -6a^ +4a= +13a  +  G. 

(12)  2x*  +  9x^  +  14cc  +  3  and  3x*  +  15x^  +  bx'  +  lOx  +  2. 

After  applj^'ing  the  method  of  division  to  these  exercises  the 
stttdent  is  recommended  to  work  them  over  again,  applj'ing  the 
principles  of  factoring  as  far  as  possible,  and  at  any  stage. 
Thus  in  question  1  and  2  factor  the  first  expression,  in  4  and  7 
the  second  expression,  in  other  cases  factor  the  sum  or  the  differ- 
ence as  the  particular  case  seems  to  require. 

One  of  the  most  useful  exercises  that  can  be  devised  is  to 
search  out  various  ways  of  solving  the  same  problem. 


Ezercise  67. 

(1)  AVhat  is  the  H.  C.  F.  of  ax  and  bx  :^     "What  is  their  pro- 
duct ?     What  is  their  L.  C.  M.  ? 

(2)  Divide  the  product  of  ax  and  bx  by  their  H.  C.  F.  ;    how 
does  this  differ  from  their  L.  C.  M.  ? 
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(3)  Divide  ax  by  tlieir  H.  C.  F.  and  multiply  the  quotient  by 
hx  ;  what  is  the  result  ?  Give  some  other  wav  of  findint?  tlieir 
L.  C.  M. 

(4)  Find  the  L.  C.  M.  of  ahc,  bed,  cdo,  and  def.  Wliat  is 
tlieir  H.  C.  F.  ? 

(5)  The  H.  C.  F.  of  two  quantities  is  .r,  their  L.  C.  M.  is  ahx, 
find  the  product  of  the  two  expressions. 

((>)  If  the  L.  C.  M.  X  H.  C.  F.  of  two  quantities  is  cdy-,  what 
is  the  product  of  the  two  quantities?  If  one  of  them  is  cy  what 
i>  the  other? 

(7)  Find  the  L.  L".  ^\.  of  ax.  bx- .  cx-\  dx*.  ex\  fx'^  : 
H.C.F.  =? 

(8)  Find  the  L.  C.  M.  of  abc,  bca,  cab;  H.  C,  F.  =? 
(0)  Find  the  L.  C.  M.  of  x{a^b),  y{a-b),  z(a-  -6'). 

<  10'  Find  the  L.  C.  :M.  of  x(a4-b),  x-(a'  ~6=^.  x^(a^  +&M. 


(1)  The  H.  C.  F.  x  L.  C.  :SL  of  two  quantities  is  (a'  -b') 
(«•*  —b'"^)',  what  is  the  quotient  when  their  product  is  divided  by 
a-+a?;  +  6-  ? 

(2)  Find  the  L.  C.  :\I.  oi  x'  +ox  +  4;  x'  +2ce-S;  x^-^lx  +  12. 
(o)  What  is  the  lowest  quantity  that  will  contain  each  of  the 

following  expressions  as  an  exact  divisor,  viz. : 

x-l  ;  X'  -I  ;  x~'2  ]  and  x-  -  4  ? 
(-1)  L.  C.  U  of  r,x'  -Ux  +  G;  2.^=  -Tx  +  o  ; 
and  i)X-  ~~x  +  2  =  ? 

(5)  L.  C.  M.  of  G;):r -13,irj  +  G;  12./j=  -  r)jc- 2  ; 
and  li)x'  +2.r-8  =  ? 

(0)  L.  C.  :\I.  of  Gx''  -  llx=  +  5x - 3,  and  9jc^  -  Ox'  +  r>.c  -  2  =  ? 

(7)  Each  of  the  following  quantities  will  divide  a  vast  number 
of  expressions  without  remainder,  find  the  lowest  of  these 
expressions,  the  quantities  being  1+^/;  1-a;  l+a  +  a"^;  and 
1  -  (f  +  <r. 

(8)  L.  C.  M.  of  iK=+3jc  +  2;  ly(.x  +  l);  20(.r  +  2)  =  ? 
(0)  x^'-lx  +  G;  x''2x-rj;  x^-x^G;  L.  C.  M.  =? 

(10)  Sx'^-Ux  +  G;  4x=+4cc-3;  4x^+2x-G',  L.C.M.=? 

(11)  x'+x--2;  x'  +  2x'-:^. 

(12)  x""  -2x'  ~Gx-'  +  \x''  +  I0X  +  G]  3x'-f  U'-Gjc- -12JC-5. 


52  PUBLIC  SCHOOL  ALGEBRA. 


FRACTIOIS^S, 


Ezercise  69. 

d)  In  the  fractions  -  and  -  clianiio   rlie   denominators   to  '20 
^  !/ 

and  yz  respectively  witliouc  alterinti-  the  values  of  the  fractions. 

(2)  In  the  same  fractions  tind  what  tht-  denominators  Leconie 
when  the  numerators  are  changed  to  21  and  icx  respectively. 

93975 
(o\    Eeduce  — -         to  lowest  terms,  and  do  the  same  Avith  the 
11C02.', 

abcde 
iraction 

fcdd) 

•>\  . 

(4)  Convert  !__  inK>  a  mixed  numW-r.  and  ••x(in>>  iu  rii;n   form 

1  ( 

,     r        ■       tr  +^ab  +  b-  . 

the  fraction —    . 

ft  -b 

(5)  Express  21  +  —-  in  the»form  of  a  fraction,  and  put  oa  -  — , 

1  o  c 

into  the  fractional  form. 

(6<     ~    *"  .      Factor  both  terms  of  this  fraction  and 

4cc" -23^  +  28  •        ■■        ■ 

then  reduce  it  to  its  lowest  terms. 


Exercise  70. 

Kcdticc  the  following  fractious  to  their  lowest  terms. 

( I  \ .      HiN  T.    I  actor  the  N. 

Trt^  -  18rt= +6<2  4-5    . 


(2, 


2a^+lVr-l 


a*  +2rz^+2rt'  +2<:/+  1 


Hint.   .""5^/- -  2«/- 4-^/-. 
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-  ((  '  -  */  4-  1 


.i'  -•; 

2,r 

-a-  -2rt4-l 

lOx- 

»  _ 

Tu.-^4-.'-- 

i.r' 

2.: 

r-'-2.T+l 

1  -2< 

•  + 

2c=+2c=-or^ 

HiXT.   Ill  X..  2r-  =.-]e-  -  <•-  ;   factor, 


Hint.  D  -  X.  =  (./•  -  1 1  (y-  -  3^  +  7). 

.     Hint.    -4?«"^  =  -  o???"* +»r' :   factor. 

//?■'  -  w/^  ->//  +  ! 

X       _  Jx    i-  -  i       j^  j^.j,    oc,  ^  0 1  +  s  :   factor  N .  and  D. 
•2 1.'"    -29.r*+'^ 


Ezercise  71. 

1  1    IJf'dncc  -.    ^.    _  lo  ihe  same  denominator  and  find  their 
2     :;      1 


.  2  I    Reduce   _^.     -  to  tlie  same  denominator  and  find  their  snm. 
a     b 

•  }         \  fl         U         V 

(0)  Reduce  ~.    „.    _.   and  also    -,    _.    _  to  their  least  common 

;5     4     ;")  //    (•     d 

denominator,  and  find  the  .sum  of  each  set  of  fractions. 

(1 )  u  hat  js  the  sum  of + + .-' 

G       4        1) 

•''  •    W'liar  is  tlie  <lifFerence  of  _  -  -  V     Of  ^  -- .  V 

2     3  i(     h 

I'll   l-'iiid  lilt'  sum  and  also  the  difference  of   _.  and   _. 

h  it 

(7)  Make    J—-   and    .".       have    tlie    same    denominator    and 
./  -1  ./•  +  ! 

thus  find  rhoir  sum. 
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(8)  Find  the  sum  of   _  +  _  +  _. 

a     h     (■ 

(9)  Add  together  ^  +  £^  +  ^'. 

a      b       c 

(10)  Add  -1^+  --L    ;   and  also  J—  +-— . 
cc  +  7     cc  —  3  0?  +  rt     .r  —  a 

/'11^  ^   1    y  I    2      a  -h  .h-c     c-a 

ah     ca     be        ab         be         ca 
x.g.        a       ,       b       .   X-  +xy  +  y'     X'  -xy  +  y- 

'2a -2b    2b -2a      x'  -  xy  +  y     xr  +xy  +  y- 


Ezercise  72. 

(1)  What  is  the  product  of  -  and  '-?     Of  _  and  _? 

5  7  b  d 

/o.  ^r  14.-  1     2     3     4     5       1       a     b      e     d 

(2)  Multiply  -,    -.    -.    -:   also  _.    _.    _,    -. 

3     4     5     (!  be      d     e 

(3)  Multiply  li  by  2^  :     also  rt  +  i  by  2r/  +  i. 

b  e 

...  ax""-     cy^     dm-     bn-         -,        ^      •      i    ^  i- 

(4)  —  .    ^—  .  .  ;    reduce  to  simplest  form. 

by-     dz-      an'     cx- 

o  o  ■>     ,  o 

(G) —  X  -„ X 


x- -4:X  +  o     ic2-2ic  +  8     cc^-4a-  +  4 
,-s  ./•-+2JC-3     4jr-12.3c-40     rt2_,^2 

■'  (x-by-a^     x'--(a-b)-' 


Exercise  73. 

(1  I  Divide'  -  by  -;   and  _  by  -. 
5     '    7  b     '    d 
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(2)  Divide  (-X-)  by  (^x-);  and  - 

(o)  Divide  -  Ijv  -  :  and  —  by  —. 
2    '^    1  2ij        ly 


hi      d     ft 
_   by   _  .  _. 

c     "    c     d 


hdm'n' 
hdy-z"     acn'^x'^ 
x^  -ll,x  +  o0_^a;2  _5^ 


(4)  Reduce  ^^^f^l 
03) 


...N  .i;--4,r  +  3      X-  -^x  +  20  _^x-  -Dx 
'^  .x;2  _5jc  +  4^£C-  -lOx  +  21  *  cc"  -  7a;" 


0) 
(8) 


a-  -2ab  +  b'  -c"^  ^a-b  +  c 
a'  +2ab  +  b'-  -c'  '  a+b-c 


Ezercise  71. 

Reduce  the  following  expressions  to  their  simplest  form 
,^,    x-1  ,  x-2     x-o  1+x  1  -X 


./,'-2     x-o     x-4:      i  +  x  +  x'     l-x-\-x~ 

(2)   ('^J!:^  +  ^^l)(^  +  —  +  -) 
^cr      ay     y^'^cr      ay     y-^ 

N.B. — See  page  oo,  No.  5,  and  Exercise  5JS. 

()))   c/t->-9.x-"'+7.r^-H-9.x-8^     HiNT.-Factor  N  +  D. 

^02=-?/-     x'+y-^  '^x-y     x  +  y^' 

^aJ^bX^a^^+ab  +  b^-^r    2a^     _^\  {,  _  _^_M>__\ 
'\a^-b''^\       a+b       /     ^a'+b^        ^^       a^+ab+'b-^ 

(H      J_-    i^     _^     3     _     1 
a?4-2     x  +  4:     x-\-Q     x-\-S' 

N.B.— Add  (1st  +  4th)  +  (2nd  +  ord). 

(7)     .'-,._"_/_-     ".+      1 
,r  -  2n     X  -  rt     ./'     .1"  +  a     X  +  2a 

X.B.— Ad.l  lst  +  r)t]i  :   2ud  +  4th.  etc. 
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(8) ^'-'      +.^JLl^     +.     '^-'' 


a'--{b-c)-     b--(c-a)-     c--(a-?>)- 

y.B.— L.  C.  M.  =('((  +  ?>-c\  (-a+h  +  c)  (a-b  +  c). 


Ezercise  75. 

(\  )  Find  the  value  of  ■^- — -  +— — -  +  ': ^,  when  x  =  'J. 

^  2.x'  +  2     acc  +  y     X---1 

(2)  Express  s  shillmg  -rd  pence  +q  farthings  as  a  fraction  of 
£1. 

(o)  Find  the  numerical  value  of  the  fracilou. 

.r'-'  -\-  y^  +z'-^  --Irt/z       T  ,   ,  ,  ,; 

-— —'^ —      ''  ,  wiien  JL- =  />  +  (.-.  {/  =  c  +  a,  z  —  a-\-h. 

tr  +(>''  +C"'  -ociOc 

Hint.   Factor  X.  and  D.  ;   observe  that  cc+7/  +  z  =  2(rt  +  /^  +  cj, 
and  that  <;:-  +  ?/-  +  .i"  -  o.-^/  —  yz  —  sx  == 
-o  I  [x  —  ?/)  -  +  ( //  -  z) -  -\-{z  —  .X')-  \ ,  etc. ,  and  therefore 
J--  -Jr  I/-  +  eic.  =  (i-  +  ly-  +c'-  —  ab  -  etc. 

( li  Find  the  A'alue  of  the  following  expression  when  y—  -1  : 

2       o       4       5 
X.B.   .V--1.  //---Ol.  7/-''  =  -0Ol,  etc..    ■.  4{/^  = -000002.  etc. 

('i)  Pivide  l  —  '2a  by  1-a  to  5  terms,    and  Avrite  down  the 
12(ith  u-rm. 

(fi)  If  .T  +     -  1  and  2  +  -  =  1,  prove  that  //  -f  -  =  1. 
Hint,   .c^'^~    .    ..  z  +  -  -^     =1.  etc. 


Exercise  76. 
(\)  ]l'/{<(+  \)  {(I +  -2\ +  ((('(-  1)  {ii--2)]  +  '^{<f  +  ^)  (ft-Vui. 

Test  your  answrr  hy  ]>uttin.a-  a=\. 

._)v   oa  1  '2.JL'  _  ot/     2.r  _      IGtC' 
ot/  -  2a;     oa  +  2x     9«-  -  -l.c'- 

To<t  your  answer  hy  |>ntiiiii::  </  -    <  -    1. 
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(3)  -L--     l-_-   :^+i  . 

Put  </j^2  and  verify  jour  lesult. 

U)   I  'i+ '.^  -""—^U  C'±^'  4-  ^^  ■^' ). 
^  (J  -  x*     (<  +  ^'^    .^a-  jj     a  +  .ly 

Put  tf  =  2,  x=  1,  and  verify  your  result. 

(:>)  (■  (/.  +  he  +  cci)  (  -  + 1  +  -  )  -  aZ>c(l  + 1  +  -i). 
^  a     h     c'  ^w     b'     c' 

Put  ci  =  '^  ^  c  =  1  and  verifj'  j'our  answer. 

b-Vc-a     c  +  a-0     a+b  —  c 

Put  a  —  b  =  c  =  l  and  verify  your  answer. 

(!)    . 4--       "^ 1+ Test  your  result. 

'       (i-+da  +  '2     cr+^a  +  o     «-+5a  +  6 

Ezercise  77. 

(1)  'i±i:  +'^  "L^  =-^^,,  find  the  value  of  x. 
a  +  x     a  —  X     a'  —X' 


,^.  ag  +  l^a;  +  2_^2(.r  +  3). 
.X  —  1      j:  —  2        x"  —  o 


find  05  and  verifj'"  the  value  by  substitution. 
i.",  "i  ''  '^'  -       ■    .  find  jj  and  verifv  ilie  value. 

.r^h        1+5' 

(4 )    --- -  —  =  — -  —  +   ' .   Put  a  =  2 ;  6  =  c  =  1 ;  and  ver i  f v. 

a-  -6-     c{a-\-b)     c{a-b) 

_     i  X'  -  1 7     10.r  -  13  _  8a:  -  30     iyx  -  4 
'*^  T^T      '2X-3        20^-7'      x-'l' 

IIiNT.  Divide  each  N.  by  its  D.  ;  caucfd  quotients;  add 
the  remainders,  takini?  each  j[>air  separately,  and  i::et 
2.C-  -  11  ./•  +  1 2  -  -  2x-  -  ih'  +7. 

'-2     3C-7     X  -  i     ic-0 

(7)  Verify  t  he  results  in  'j  and  '>  by  substituting  the  values  of  x. 
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KOTE. — In  several  of  the  preceding  exercises  the  Hints  have 
pointed  out  to  the  student  the  advantage  that  frequently  arises 
from  making  partial  additions  or  subtractions  in  dealing  with  a 
number  of  fractions,  instead  of  attempting  to  perform  the  Avhole 
operation  at  one  step.  Very  often  au  important  simplification 
and  reduction  is  possible  by  gronpirg  the  terms  of  an  equa- 
tion or  of  a  series  of  fractions  so  as  to  avoid  a  L.  C.  D.  of 
hig-h  dimensions  or  of  complicated  form.  One  great  benefit  of 
mathematical  studies  is  to  give  continuous  exercise  to  the  judg- 
ment of  the  student  in  choosing  the  simplest  method  of  accom- 
plishing the  end  in  view.  Tlie  power  of  thought  versus  brute 
force  is  constantly  illustrated  in  these  studies,  the  simplest 
solution  of  a  problem  being  always  the  result  of  the  most 
perfect  knowledg-e  and  the  most  thorough  grasp  of  the  abstract 
thinking  necessar^^  to  produce  the  result  sought  for  at  the  least 
expense  of  mechanical  work.  As  the  student  jjroceeds  he  will 
find  that  Algebra  gives  almost  unlimited  scope  for  Invention, 
and  he  should  decide  never  to  leave  any  problem  or  qnestion 
till  lie  has  mastered  the  simplest  solution    he   can  produce. 

The  following  test  exercises  will  supply  a  C4eneral  Review 
of  the  subject  to  the  end  of  fractional  equations.  In  a  few  cases 
fractional  equations  of  two  unknown  quantities  have  been  intro- 
duced in  order  to  keep  up  the  supply  of  new  ideas  and  to  exercise 
the  original  invention  of  the  student.  But  in  all  cases  the 
examples  will  be  found  within  the  limits  of  his  power  and 
capable  of  solution,  and  the  new  matter  here  and  there  inter- 
spersed with  the  review  of  the  old  should  only  serve  to  whet  liis 
interest  and  encourage  him  with  the  consciousness  of  growth  in 
intellectital  power. 

Ezercise  78. 

(1)  What  is  the  H.  C.  F.  of  Gx^^  -4x*  -llx^  -ox-  -Sx-1 
and  4x*  +  2x^  -l^x'  +ox-b? 

(2)  What  multiplier  with  o  -bx  +  lx~  will  give  the  product 
12 -F  82^2  +  lOGjc*  -  TOcc^  -  112x3  -  38cc  ? 

(3)  Find  the  factors  of  20x-  +21.T?/  -  27?/-  ;  and  the  factors  of 
a^-3a- -9rt  +  27. 

(4)  How  much  must  I  add  to  ('2x+  1)  (2a- -h  3)  (2x4-5)  {2x  +  l) 
to  make  it  equal  to  {Ax-  +  16x+  11)"  ? 

(5)  One  factor  of  a^  +  Sb^  +  c^  -  Gabc  is 

a- -^Ab- +c- -2ab--2bc-ca,  find  the  other  factor  and 
apply  some  kind  of  te^t  to  your  answer. 
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2  1  1 

f6)    — — .     Simplify  and  test. 

^  ^  (^^2-1)2     2x--4x'  +  2     l-x- 

(7)  If  (x  +  -V  =3,  prove  that  x^+—=0. 
^         x'  x^ 

Hint.     Expand   bracket    and    transpose ;     factor    second 
expression,  and  substitute  for  one  factor. 


Exercise  79. 

(1)  Divide  GO.x'^  -  17x'-  --^x-\-l  by  hx^  +^^'-2,  and  give  the 
remainder  reduced  to  lowest  terms. 

(2)  Divide  the  product  of  2jc"  +  ct"  —  G  and  Q>x-  —hx-\-\ 

by  OX'"  +5x'  -  2.       Hint.   Factor  and  cancel. 

(3)  A  certain  mortgage  would  amount  in  x  months  to  S//,  and 
in  z  months  to  %w.  Find  the  face  of  the  mortgage  and  the  rate 
of  simple  interest  per  annum. 

N. B.    Let  ??i  =  mortgage,   r  =  rate  per   cent,    per  annum: 

^'  X 

then  in  1st  case  m  +  m  . .  —  =?/,  etc.  :    multiplv  first  equa- 

100     12 

tion  by  w.  2nd  hy  ?/,  and  subtract. 
cc  +  1  ,x-  1 

(4)  Reduce   — — rj -.    to  simplest  form. 

cc  - 1     cc  +  1 
X.B.   Multiply  the  N.  and  the  D.  throughout  by  x"  -  1. 

(5)  Divide  SI 00  among  3  men,  5  women,  4  boys,  and  3  girls, 
so  that  each  man  shall  have  as  much  as  a  woman  and  a  girl, 
each  woman  as  much  as  a  boy  and  a  girl,  and  each  boy  half  as 
nuich  as  a  man  and  a  girl. 

N.  B.  m  =  w  +  g ;  zv  =  b-{-  g  :  2b  =  m-\-<j ; 
whence  b  =  Sg  ;  '>  :  4  :  '.)  :  1. 


Ezercise  80. 

(1)  Factorise  x-  +4x  -  21  ;   12.r'  +  1  !•' "//'^  -  IT)//^  ;  and 
a'+a-b-+b\ 
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{x ■\- z)- -  y'^- ■    (y  +  xy  -z-     (y  +  z)^-x^ 

X.B.  To>;r  your  answer  ]>}■  jaitting  x  =  y  =  z—l. 

(;>)  From  (//  -  ?>)■"'  +  (?)  -  c)^  +  (c  -  r/")  ^  subtract 
)) i  r^ -  (c  -h)+b^ (a  -  C)  +  c " (J)  -  a) ] 
Put  r/-- 2, />  =  !,  c  =  0;  test. 

(4)   i,(-2.r  +  l)-  \^(?,x-l)  +  M^x  +  d)=S,  find  .A 

((,)  _+.-.__+_.  find  X. 

(~)  l^x  -  '>y  =■.('  +  9y  +  4  =  1  Of).     Verify-  3- our  results  for  x  and  //. 

(^"l  If  eacli  side  of  a  square  plot  were  enlarged  bj'  10  j'ards  it 
would  «^onr:(in  H  acres  more.      Find  the  side  in  vards. 


Ezsrcise  31. 

(1)  Add  togetlier  a  +  h--2c:  Sn+Ac  +  ^b;  3c-2a-Gb:  and 
■2i}  —  2c  +  oa.  Subtract  la  -  iV>  from  the  siim  ;  and  multiply  the 
remainder  by  Sa  —  65  +  be. 

('•:)  Miiltiply  .7'-  4-  y-  +  2"  -  2yz  by  x-  -  ?/-  -  z-  +  2yz. 

t  ■  i  F:nd  ilie  factors  of  9-x-  -  oxy -  4i?^-. 

(Pi  Find  the  L.  C.  M.  of  2r*  -4x^  ^Cx' +lCix -^, 
and  r,;/:-  -  1  .-..>' -^  +  GCo?  -  4S. 

(r)~i   Find  a  fraction  that  is  equal  to  these  three  toiretlior  :  — 
X  4-  '5  ./■  4-  2  x  +  5 

it;- —7a? 4- 10'    x'-^  -^x+Id     x-  -ox  +  G 

((\)  Reduce  to  lower  terms  the  fraction 

(lo.r-  -7.r.-  2)  (Go?- 4-7x4-2) 
15,T- 4-13.r +  2 

(7)    A. +J_..._J^„..+_''J^ 

.''  +  y    x-y    X-  4- y^     x-  - y- 
HiXT.   Add  1st  and  2nd  ;   from  this  subtract  Srd  ; 
then  arid  the  4th. 
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Ezercise  82. 

(1)  Solve  the  equation  4(27 -x-) +  i(3a: -4) --i(o.T-2)  =  ?. 

(2)  Fiiul  tlie  three  factors  of  256;>''  -81«*. 

(.'I)  One  factor  of  in^  -9crh  -  Kuth-  +'}C,b'  i<i  a  -  2h.  find  the 
other  two  factors. 

(4)  If  a'  +2ab  +  d  is  divisible  hv  a+h,  what  must  be  tlie 
numerical  value  of  b? 

(.7)  li  a  +  b  +  c  =  0,  show  that  a-  -\-b-  +c^  =  -  2{nh  +  b<-  +  en). 

(G)  . — = — mid  X  and  verifv. 

^^897  11 

(7)  If  27  men  and  GO  boj's  earn  8134  in  17  days,  how  mucli 
will  18  men  and  24  boys  earn  in  23^  days,  supposing  that  3  boys 
oarn  as  much  as  2  men  ? 

Hint.   Let  3a:^  =  a  man's  daily  earning  ;    /.  2.x' =  a  bo\'*s  waives. 

1 34  '^ 

•.   201.r  =  $_-;   x  =  S—,  etc. 
17  ol 


Ezercise  83. 

(1)  A  can  do  a  piece  of  work  in  x  days  which  B  can  do  in  y 
da3's  ;  how  many  days  will  they  take  working  together? 

Hint.   A  does  1  piece  in  x  days,  or  y  pieces  in  xy  days. 
B  does  1  piece  in  y  daj's,  or  x  pieces  in  xy  days. 
.-.  A  and  B  do  (x  +  y)  jDieces  of  work  in  xy  days.  etc. 

9  '^1  33         5  ,     3        1 

(2)  Divide  x*  +-x'-^  +—X'  +  —x  + —  bv  x'-  +-x  +-. 

4  8  16        10  2        4 

Hint.   Multiply  both  quantities  bj^  16. 

(3)  Find  the  remainder  when  a-  +(ib  +  c  is  divided  by  a  —x. 

(4)  8.r-4//  =  5  ;  '9.r  =  2!/  +  10,  find  x  and  y,  and  test. 

(5)  A  ship  carries  provisions  enough  for  ?;i  days,  but  if  tlie 
number  of  people  was  ]>  more  than  at  present,  there  would  be 
food  sufficient  for  only  n  days.  Find  the  number  of  tlie  crew 
and  passengers  on  board. 

(6)  Solve  the  equations  32j' +  81?/--4r>.   nnd  2^  r  _  ;;9//-3(;9. 
Hint.   Subtract ;  multiply  differenco  by  7. 
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Exercise  01. 

(1)  Find  the  H.  C.  F.  of  x-  -'IrJ  -1?jx  +  1o 

and  cc'+9x--+llx-21.       X.B.  Factor  B- A. 

(2)  i(x-S)  +  lix-l)  =  i{x-9)  +  9,  findx. 

(3)  -+^  =  41;  4?/ -3x^  =  0,  find  a;  and?/. 
3      8 

(4)  If  X-  +ax  +  Dl(]  is  a  perfect  square^  determine  the  numeri- 
cal value  of  </.        X.B.    [a  +  by  =? 

(3) + + ,  find  the  sum. 

a  —  h     b  —  c     c  -  a' 

Test  yoiu'  answer  by  putting  a  =  2,  6=1,  c  —  0. 

(6)  If  x-=^- ,    y  =  ——,  find  the  value  of -JL.. 

a-b  a  +  b  x'  —y' 

Test  your  answer  by  putting  a  =  2.  b—1. 

(7)  l{bx  -  9)  +  A) (Tec  -  1)  =  A-(lla2  +  7)  +  6.      Test  your  result. 


Ezercise  85. 

(1)  Factorise  cc- +3a:'-10  ;  x^-1]  9j^- +15a:j- 14. 

(2)  -^io(3x-t-2)  =  i(5z/-ll)-2iand 

_x  +  -?/  =  25;^,  find  X  and  y. 

(3)  A  row  of  trees  is  planted  with  trees  20  feet  apart  ;  if  they 
had  been  15  feet  apart  the  cost  would  have  been  increased  by  S5 
at  25  cents  for  each  tree.  Find  the  number  of  trees  in  the  row 
and  the  length  of  the  street  in  feet. 

(4)  Find  the  value  of  {a  +  />)-  +  {b  +  c)  -  +  (c  +  o)  - , 

when  a  =  -  1  ;  6  =  —  2  ;  c  =  —  3. 

(5)  Divide  (a +  6 +  c)-  +  {a-b)-  -\- {b - c)-  +  [c  - d)- 

by  a-  +6-  +C-. 

(G)  1  +  5  =  31;  i^-I=.31,  find  cc  and?/. 
X     y  y    ^ 

(7)  Reduce 1—  to  lowest  terms. 

x-X'  -'lOx^ 
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(8)  Simplify   (-^     ■V_-^'--/A^j 


Put  x==  1,  ?/  =  0,  and  test  j'our  answer. 


Ezercise  G6. 

(1)  -2S-(5x  -  13)  -  -A-(jc  +  3 j  +  4  +  {,  (5  -  ^)  =  0,  find  cc. 

(2)  Eeduce  39(.r^-4^3^4^=-l)^ 

(3)  i(3x-2?/)+K2^^-3?/)  =  2J;   and  31?/ -30^'  + 111  =0  ; 

find  ic  and  ?/. 

(4)  Resolve  the  expression  {\  +  x)  {1  +  y)  -  xy{l  -  x)  [l-y] 
into  two  factors. 

(5)  A  pound  of  salt  is  added  to  31  pounds  of  pure  water  ;  how 
much  pure  water  must  be  added  to  the  solution  so  that  32  pounds 
of  the  new  mixture  may  contain  2  ounces  of  salt  ? 

(6)  A  capitalist  receives  an  income  of  $4,640  from  8100,000, 
the  sr^ter  part  being  invested  at  5%  and  the  rest  at  4°/  ;  what 
is  the  amount  at  each  rate  ? 

(7)  Divide  a  number  a  into  three  parts  so  that  the  second 
shall  be  n  times  and  the  third  m  times  the  first. 


Ezercise  S7. 

(1)  Prove  that  if  c  be  a  common  measure  of  a  and  />.  it  will 
also  measure  ma+nb. 

(2)  Find  the  H.  C.  F.  of  6.^=  - 10./?=  +10jc-4  and 

9x"^  +3x=  +3jc-  G  by  applying  the  principle  of  Q.  1. 

(3)  Examine  81aj* +108x^ -24a:;  +  4,  and  divide  it  into  two 
equal  factors  \>y  comparing  it  with  the  formula  of  Exercise  24. 
page  20, 

(4)  Divide  (_L  +      ^     \  bv  (  J_-_^). 

M+.C     \-x-'         ^l-^x^      l+.r^ 

(.'))  Twenty-four  persons  subscribed  equally  to  pay  for  .".  new 
boat,  but  four  of  them  failed  to  pay  up  and  consequently  each  of 
the  otliers  had  to  infreaso  lijs  sub?;rription  by  '^2.  "What  d'd 
the  boat  cost  ? 
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(6)  A  square  floor  would  contain  17  square  \'ards  more  if  eacli 
side  were  a  j'ard  longer.     Find  its  area. 

(7)  Compare  da'  -12a^b  +  S4aW-  ^20ab^  +2bb*   with  Exer- 
cise 24,  page  20.  and  thus  find  the  factors. 


Ezercise  SS. 

(1)  Factorise  x-  —  y^  +z-  —  cr  —2zx  +  2ay. 

(2)  bimplilv -— —   . 

'  ^  l-2x'     l  +  2:c     4X---1 

(3)  2x-  +  o?/  =  22;  3.x- +  4?/ =  31,  find  x  and  y. 

,,,1,1        7     3        2         4 

(4)  _,r +-//  =  -;  -x--y  =  — 
3        2        6     7        3        21 

(5)  I  paid  a  certain  number  of  dollars  for  16  yards  of  cloth  : 
but  if  I  had  received  a  yard  less  for  the  monej"  the  cloth  would 
have  cost  me  25  cents  per  j^ard  more.     Find  the  price  per  yard. 

(6)  .1.  B,  and  C  can  dig  a  trench  in  30  hours.  A  can  dig  half 
as  much  again  as  B.  and  B  two-thirds  as  much  again  as  C  In 
how  many  hours  would  C  alone  perform  the  work  ? 

(7)  Find  the  H.  C.  F.  oi  x' -\-x''  -^x"" +?^x-^ 

and  x"^  -\x^  -  2x'  +  ox  +  2.      (Factor  B  -  A. ) 

(8)  Divide  x^  —  8?/^  —z^—  Gxyz  by  x  —  z-  2y. 


Ezercise  89. 

(1)  A  man  walking  -|  of  a  mile  per  hour  above  his  ordinary 
rate  gains  ^  of  ^n  hour  in  going  39  miles.  Find  his  ordinary 
rate  per  hour. 

(2)  Two  ships  sail  from  the  same  place,  the  first  due  north  at 
0  miles  an  hour,  the  other  due  east  at  12  miles  an  hour.  In  how 
many  hours  will  they  be  60  miles  ai^art  ?     (See  Euclid  I.  47.) 

(3)  If  a  traveller  had  gone  \  a  mile  an  hour  faster  he  would 
have  arrived  at  his  destination  in  |  of  the  time  he  spent  on  the 
journey  ;  but  if  he  had  gone  i  a  mile  an  hour  slower  he  would 
have  been  2\  hours  longer  on  the  load.  Find  the  distance  and 
the  actual  rate. 
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ill  AVlien  .1  is  IS  miles  fioiii  'roruiiio  lit-  liutl.s  lluil  at  liis 
present  rate  lie  will  be  o  hour  too  late  to  catcli  the  Montreal 
l)oat.  He  <|nickens  his  speed  hy  A  mile  per  hour  and  arrives  just 
in  time.     Find  his  rate  at  first. 

N.  B.   2x-  +  .c  -  30  =^  0.  when  cc  =  1st  rate. 

i.t'.  [X  -  1)  (2.t'  +  0)  =  0  ;  hence  either  x  -4  =  0,  or  2,7'  + ''  =  0. 
If  .i'-4=0,   x  =  \;    if   2j:  +  9=0,    :c=-4L    whicli    would 
have  no  nieaninir  here. 


Ezercise  90. 

(1)  If  a  certain  class-room  were  7  feet  shorter  and  0  feet  wider 
it  would  be  an  exact  square  and  of  the  same  area  as  at  present. 
Find  the  length  and  breadtli  of  the  class-room. 

(2)  A  and  B  can  pull  225  square  rods  of  flax  in  ."*  days  :  B  and 
('  22o  ;  and  .4  and  ('  230  in  the  same  time.  How  many  square 
rods  can  each  do  in  one  day  ? 

(3)  A  man  invested  $330  in  two  parts  ;  on  one  part  he  gained 
l.')V,  on  the  other  he  lost  8^'.  He  received  from  both  ."^345: 
lind  the  amount  of  each  investment. 

(4)  A  Mississippi  steamer  takes  160  minutes  less  time  to  go 
from  .1  to  B  than  from  B  to  A.  In  still  water  she  could  make 
14  miles  per  hour,  but  the  river  runs  at  the  rate  of  1|  miles  per 
hour.     Find  the  distance  from  ^4  to  B. 

('>)  "When  .4  and  B  dissolved  partnership.  .4  got  82.070.  B 
••^1,5(20  ;  the  ca]>ital  of  the  firm  was  83.400.  and  .I's  money  was 
put  iu  for  12  months  and  B'<,  for  1<)  months.  Find  each  man's 
share  of  the  profits. 

Ezercise  91. 

(1)  Prove  tliat  a''  =  1  ;   and  that  (i>'>  X(("  =ii>"^"- 

( 2 )  -  --1  =  \  ]  -  + 1/  =  _  ;   hnd  x  and  //. 
a     h  b      a     b 

i3)  A  siteculator  paid  83.000  for  some  railroad  shares:  he 
reserved  10  shares,  and  made  s4  a  share  on  the  remainder  by 
--elling  them  for  82,700.     How  many  shares  did  he  purchase? 

(4)  If  a  lake  steamer  could  go  \  mile  an  hour  faster  she  could 
make  a  trip  of  420  miles  in  2  hours  less  time  tlian  slx^  now 
makes  it.      What  is  tlie  steampr's  usual  rate? 


66  PUBLIC   SCHOOL    ALGEBRA. 

(5)  Bought  a  number  of  cattle  and  made  20%  on  the  cost  ; 
invested  the  in-oceeds  in  lambs  and  made  26%  profit  ;  spent  the 
proceeds  in  horses  and  realized  a  gain  of  1G%.  If  my  profit  on 
the  horses  was  6300,  how  much  did  I  spend  in  cattle  ? 

(6)  If  «-+6-=c^ 

simplif}'  (a  +  b  +  c)  {a  +  b-  c)  (a  +  c-h)  {b  +  c-  a). 


Ezercise  92. 

(1)  Angus  starts  from  C  at  the  same  time  that  Bert  starts 
from  D ;  when  they  meet,  Angus  has  travelled  30  miles  more 
than  Bert.  Angus  arrives  at  Z>  in  4  days  and  Bert  at  C  9  daj's 
after  they  passed  each  other.     Find  the  distance  from  C  to  D. 

N.B.  Let  2x' =?  distance ;  /.  a3  +  15,  cc-15  are  distances  tra- 
velled by  each  before  they  meet;  A  goes  ^(cc  — 15),  B  goes 
i(a?  +  15)  per  daj",  etc. 

(2)  Find  the  H.  C.  F.  of  ab  +  am,  bn  +  am,  b'n  —  m'-n. 

(3)  A  and  B  perform  a  piece  of  labor  in  20  days  ;  but  if  A  had 
worked  twice  as  fast  and  B  half  as  fast  they  would  have  com- 
pleted the  job  in  15  daj's.  How  many  daj's  would  each  require 
alone  ?       X. B.  Let  2x  =  A^s  time,  y  =  B's  time  ; 

then  in  II.  case  x  =  A's  and  2i/  =  B's  time  ;  —  +  _  = ,  etc. 

2x    y     20 

(4)  Factor  5C- —  2jc  —  255  ;  and  21cc- -  lox?/  — 202/^. 

(5)  Compare  Qx*  -Gx^  +43x-  -14cc  +  49  with 

a'  +b-  +c-  +2ab  +  2ac  +  2ca,  and  thus  find  its  square 
root,  i.e.  one  of  its  tico  equal  factors. 

KB.   «--9cc%  c-=49,  2ab=-(ox\  2bc= -Ux,  etc. 


Ez@rcise  93. 

(1)  Prove  that 

{x-yY-V{y-zY  +  {z-xy==?j{^x-y){y-z)  {z~x) 

(2)  Find  the  value  of  a'''  -{-b^  -c^  -^-oabc^  when  c^a-^b. 

(3)  A  person  invests  §500  partly  at  5%  and  j^artly  at  3%,  and 
he  makes  4i%  on  the  whole.  Find  the  amount  of  each  invest- 
ment. 

(-1)  I " —  ' ='- .— .        N.B.    Add  each   side  sepa- 

X  -  3     X-  ^     .7*  —  6     x  —  1 

ratoly.  -       •>)  f.r  -  4)  —  (a' —  <J)  (.»' -  7).  etc 


(ii:\i:uAi.  itj:\iK\v.  (., 

(5)  If  I  sell  my  horse  foi-  S200  I  shall  lose  iiiono\ .  but  if  I  iict 
$250  for  him  my  i;aiu  will  bo  three-fourths  of  tJio  former  loss. 
Find  the  true  value  of  the  horse. 

(6)  Between  2  and  3  o'clock,  I  mistook  the  hour  hand  for  the 
mmtite  hand  and  therefore  thought  it  was  55  minutes  earlier 
than  the  true  time.     Find  the  correct  time. 

(7)  A  mass  of  lead  and  tin  weighs  180  pounds  in  the  air,  but 
if  it  is  suspended  in  water  it  weighs  21  pounds  less.  On  experi- 
ment it  is  found  that  o7  j)Ounds  of  tin  weigh  o2  pounds  when 
immersed  in  water,  and  that  23  pounds  of  lead  weigh  only  21 
pounds  in  water.  Find  the  number  of  pounds  of  tin  and  of  lead 
in  the  given  mass. 


Ezercise  9*^. 

(1)  If  the  sign  ^/ placed  over  a  quantity  means  "the  sqttare 
root,"  so  that  ^/4  =  2,  J9  =  S,  ^/16=4,  etc.  ;  simplify  the  follow- 
ing expressions,   JSl-J2b]    Jcr  -  ^'Jr  ;    s^l/r -i-2r//> +  />-). 

(2)  If  f  denotes  the  cube  root  of  a  quantity,  so  that  ^^8  =  2, 
1^27=3,  f'64:=4,  etc.;  simplify  the  expressions  f  a^  -fb^^  ] 
V81-in25;  f  (a^  +  3rt-6  +  3rt7>--}-6^);  f  {21x' +21.r- +^x  +  l). 

N.B.  In  the  last  example  comx^ared  with  the  preceding  observe 
that  6  =  1,  and  a  =  ox. 

(3)  If  (rt  -h Z>)  -  =  « -  +  2ab  +  b-.  what  is  J(a -  +  2ab  +  7>- ^  ? 

Oi  X-+4X  +  4? 

(4)  Reduce  s,/(a"  +b-  +c-  +2ab-2bc-2ca)  to  simplest  form. 
N.B.  Review  Exercise  24  and  Exercise  61,   and  do  this 

qttestion  by  infipection  alone. 

(5)  What  is  the  value  of  {  81  -  j^'lG  ?     Of  f  343  -i-  ^^   256  ? 

(6)  If  9  .  9  .  9  =  729,  express  729  with  the  Eadlenl  Sisrii  (  ^') 
so  that  its  valtie  may  =9  ;   1331  so  that  its  value  may  =>=  1 1. 

(7)  Find  the  value  of  5  ^^(62  +  ox)  -  h  ^/(95g  -  5j'V  when  .r  =  6.\. 

X  ,1-1-./'         1  1  1 


(8)  Evaluate  -  - -» / 1. ,  when,r  =  _, 

?/      V  1  -  //  4 


.V 


Exercise  95. 

(1)  Find  the  value  of  [  s,^{u'  +b-)+c\  [  ^'(a-  +/)- )  -  ("1. 
when  a— -A.  b  —  ;^.  <•—(]. 
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{•2)  Evaluaic   ^'i  1  -<n+  ^'f  1  -<i+  ^'(1  +^/)J  ^vllen  rt=.T^ 

/•>  •  1^-     1     1                   •      1        1          [  (I  -h     (I  -\-b 
(.)i    rind  lilt'  iiiiiiicncal  valuf  of + 

(I  +h     a  —  h 
\vli(Mi  C/--2+  >./3,  aiul  />^2-  v.>';». 

Hi   If  ^/''   ~  />"    and  (I  =''2I).  tlion  h  —  2.      Pi'ove  tliis  ilif-orfin. 

(.»!    r  ind  rlio  8<iuare  root  ol  — - + -_l'+_i^+^. 
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(H)  If  j^^9rt'  -l-12<'//>,  and.  y  =  2h-  +C)aJ),  find  in  terms  of  a  and 
&  the  sqnrre  root  of  x^  —  2xy  +  4y-. 

(~)  Find  tlie  least  numljer  tliat  will  <^ive  a  square  number  for 
prodnft  when  it  is  mnltiplied  hy  G50. 

(8)  The  difference  between  the  squares  of  any  two  consecutive 
numbers  is  eqnal  to  tlie  snm  of  the  numbers.      Prove  this. 


Exercise  96. 

Piove  the  following  theorems  :  — 

(U  (('  +h)^'  =^cr'  +lr'  +oah{a  +  h).     I.earii  this  by  heart. 

(2)  (a  +  b  +  cy'  =  a^+Jr+c''+?m-(b  +  r)  +  ?,b-(c  +  a)  + 
o(:'-{a+b)+(]r(bc. 

,  ( :> )   (a  +b  +  c)  ■•  =(t^  +b-'  +(■■•  +?j  obi  a  +  //)  +  ?>bc{b  +  c)  + 
i  o  rri{c-\-  a )  +  0  a  b(  ■ . 

\  (4)  (//  +  />  +  rV' =rr'' +/>•' +c'' +o((/  +  />  +  c)  {ab^-J)c-\-va') -?uihc. 

\ (.') )    {ii  +  b  +  (■) '■'■  =a^  -{■  b'''  +  C-'  +  o(a  +  b)  {b  +  c)  (c  +  ci). 

(1)1  In  question  2  substitute  c-\-d  for  c  throughout  and  thus 
prove  {(i-^b  +  c  +  dy'  =rr'  +b-'  +r='  +^/^  +ori'-(/>  +  r +  </)  + 

.')//-  [c  +  (/  +  r/)  +  .')C-  (^/  4-  rt  +  ?>)  +  6  {((be  +  Z>a?  +  cr/r^  +  dab\ . 

(7)  "Write  out  from  memory  the  preceding  theorems  ten  times  : 
next  read  them  off  from  memory  in  the  same  order:  and  aaa  n 
write  them  out,  using  .r,  y,  z,  iv  instead  of  a,  h,  c.  d. 

fS)   Show  l]iat  <!■''  +/>•■  +C-'  -.■)r^/)c-: 

U/  +  //  +  rj  ((/-  +7>-  +r-  -  rib -be -co) 

(9)  Sliow  that  ((■■  +b^  +e^  -  :^^be^- 

(a  ^h  +  e)  l[{a  -  b)  -  +  (/;  -  r)-  +  (c  -  nY'\. 

(10)   Show  that  rr'  +/>•'  +<••'  -?uibe  = 

-  (a  +b-\-  r)  [in  -  h)  ( b  -  r I  +  [1)  -  r")  (e  -a)^{e-  a)  {a  -  />)]. 


GENERAL   REVIEW,  69 

(11)  Factor  a "  +  6  '  -  c^  +  oabc  ;  a^  -  fr^  +  c"'  +  Sabc  : 

a^  -h'  -c'^  -Sabc. 

(12)  111  a^  -T-b^  +c"  -oabc  substitute  c  +  d  for  c  and  arrange  the 

result  in  a  form  similar  to  the  original  expression. 


Ezercise  97. 

(1)  Prove  that  i^a^b  +  c)-  =a-  +b'  +c-  +2ab  +  2bc  +  2ca. 

(2)  From  question  (1)  find  without  actual  multiplication  the 
squares  of  —  a  +  b  +  c  :  a  -b-{- c  ;  a  +  b  -  c  ;  and  a  -b-  c. 

(3)  li  X'  -\-bx-\-C'  is  a  perfect  square,  find  the  value  of  J)  in 
terms  of  x  and  c. 

(4)  The  difference  between  the  squares  of  any  two  odd  num- 
bers is  always  exacth*  divisible  bj-  8.  N.B.  Let  x  and  y  be  any 
two  luimbers.  tlieii  2^*  and  '2ij  are  even  luimbers.  and  2.t.'+l  and 
2// -I- 1  are  odd  numbers.  Then  if  ./;  and  ij  are  even,  x  —  y  in  even 
and  divisible  by  2  ;  if  x  and  y  are  odd  numbers  x  -  y  is  even  :  if 
one  is  odd  and  the  other  even  x  +  y  is  odd  and  x  +  y-^\  is  even. 

(.'))  The  sqtiare  of  every  odd  number  with  1  subtracted  is 
divisible  by  8.  . 

( ») )  The  area  of  a  rectangular  field  is  'I  acres  9G0  yards,  and 
its  length  is  three  times  its  breadtli.  Find  tlie  distance  round 
tlic  field. 


[1)  Find  the  diagonal  of  a  common  field  14o  yd.  by  11<)  yd. 

(8)  Two  boys  start  from  a  street  corner,  one  west,  the  other 
north,  the  one  at  .")  miles  per  liour,  the  other  at  4  miles  per  hour  . • 
find  the  lengtK  of  the  straight  lino  between  them  at  the  end  of 
two  hours  and  three-quarters.      (See  Euclid  I.  IT. ) 


Exercise  9S. 

(Ij  A  earns  iwict-  as  iiui<;h  and  B  three  times  as  mucii  per  day 
as  C  earns.  .4  works  T  days,  B  4  days,  and  ('  10  days,  and 
their  total  earnings  amount  \o  $72.  Find  the  daily  wage»  of 
each. 

•  (2)  A  span  of  horses  is  worth  SltJU,  and  tiio  carriage  is  worth 
•S210.  When  the  better  horse  is  in  the  carriage  the  rig  is  worth 
three  times  as  much  as  the  second  horse  together  with  lO'V  of 
ihe  value  of  the  first  horse.     Find  the  value  of  each  horse 
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(0)  A  bicyclist  set  out  from  home  at  8  miles  pev  hour,  and 
kept  up  that  speed  until  his  wheel  broke  down.  He  was  then 
compelled  to  walk  back  at  34  miles  per  hour  and  arrived  at  home 
after  an  absence  of  114  hours.  How  far  did  he  ride  before  the 
accident  ? 

(4)  After  pa^'ing  out  _  and  _   of  nn^  money,    I  had  only  $b 

111  n 

left.     How  much  had  I  at  first  ? 

(5)  Between  11  and  12  o'clock  the  minute  hand  is  in  a  straight 
line  with  the  hour  hand.      Find  the  exact  time. 


Ezercise  99. 

(1)  Brown  leaves  Stratford  and  Jones  leaves  Seaforth  at  the 
same  time,  as  they  both  suppose  on  consulting  their  watches. 
The  distance  is  24  miles  and  they  travel  towards  each  other, 
Brown  driving  2  miles  in  the  same  time  that  Jones  drives  o 
miles.  They  meet  at  Mitchell,  which  is  half-way  between  the 
other  townS;  and  on  compariiig  notes  to  find  out  how  this  can 
have  happened,  they  discover  that  Brown's  watch  is  15  minutes 
too  fast^  and  Joneri'  watch  15  minute^;  too  slow.  At  what  rates 
per  hour  did  each  of  them  drive  the  distance  ? 

N.B.  Let  2x  and  ox  be  the  rates ;  equate  the  times. 

(2)  Two  suniB  invested  at  3%  and  9%  respectively  produce  an 
income  of  $240 ;  but  if  the  rates  of  interest  were  interchanged. 
'  he  income  would  be  doubled.     Pind  the  sums. 

(3)  Archer  and  Banker  start  from  two  towns  at  the  same  time, 
and  meet  in  7  hours,  A  riding  2  miles  an  hour  faster  than  B. 
But  if  B  had  gone  1  mile  an  hour  faster,  and  A  at  half  the  speed 
lie  did  go,  they  would  have  taken  2  hours  longer  to  meet.  Find 
the  distance  between  the  towns. 

(4)  Find  the  numerical  value  of  a  that  will  make  the  expres- 
sion 02*  —  x^'  -x-  -ax  exactly  divisible  by  x'-  -\-x. 

(5)  A  railway  train  is  timed  to  make  4.")  miles  an  hour  between 
two  stations.  X  and  Y.  From  X  to  an  intermediate  station,  Z. 
it  goes  up  p:radc  at  40  miles  an  hour ;  from  Z  to  Y  it  goes  down 
':;ride  at  hO  miles  nn  hour,  and  arrives  precisely  on  time.  Com- 
pare the  distance  from  X  to  Z  with  the  distance  from  Z  to  Y". 

N.B.  Let  05  =  distance  in  miles  from  X  to  Z  ; 
6  5P  distance  from  Z^  to  Y  ;  then  {a  +  ?>)  -v- 15  =  schedule  time,  etc. 
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(6)  A  liquor  dealer  huys  proof  spirits  And  mixes  a  certain 
quantity'  of  \vater  \vith  it.  He  sells  the  mixture  at  2  shillinjis  a 
gallon  more  than  he  paid  for  the  spirits  and  thus  gains  '2V>'\'/  ow 
his  outlay.  But  if  he  had  tised  twice  the  quantity  of  watei-  that 
he  did  use.  he  would  have  gained  o7i%  on  liis  money.  Find  the 
proportion  of  water  in  the  mixture  he  sold. 

N.B.  Let  s  =  No.  gallons  of  spirits  :  ?/  shillings  =  cost  per  gal. ; 
and  x  =  No.  gallons  of  water  added  to  form  the  mixture  ; 

cost  =  SI/  :  selling  price  =  — -s'?/  .*  supposed  .selling  price  =  -^—sj/  : 

divide  the  equations. 


^zeroise  100. 

(1)  Find  the  H.  C.  F.  of  \+x  +  x^-x'^  and  1 -a?* -.r« +.r' . 

(2)  If  a  +  5=l,  provethat  («--6-)=^=a'+6'-r/79. 

(3)  Solve  the  equation  (jc  +  2)  -  +  (x  +  5)  -  =  (x  +  7 )  - . 

(4)  Divide   x^^  +Sy'^  -21z^  +  lSxyz   by   x  +  2y-oz,    an<l    r^'st 
your  answer  b}'  substittiting  x  =  5,  y  =  i.  z  =  3  throtighout. 

(5)  Find  the  square  root  of 

PjGx' -120ax- 12a- x  + 100a- +  20a''  \-a\ 

((])  Find  two  equal  factors  of  the  expression 

{x-  +y-)  {x-  +z-)+2x(:x^-+yz)  {y  t  z)-^Ax-yz. 

(7)  Show  that  {x-ijY  +  {y  -  zY  -\-{z-xY  is  equal  to 

b{x  -  y)  (y  -  z)  {z  -  x)  {x-  +y-  +z-  -  xy  -  y"  -  ::./■>. 

(8)  Show  that 

{a  +  by  +  {a  +  c)'  +  {a  +  dY-^{b  +  cY+ib  +  dV  +  u-  +  (lY 
=  3{a  +  b  +  c  +  il)  (a-  +b-+c^-+d-). 

(9)  Show  that  S(a  +b  +  c) "^  -  (a  +  bY  -  {b  +  cY  -  [c  +  a)  • 

=  3{2a  +  b  +  c)  {a  +  2b  +  c)  {a  +  b  +  2c). 

(10)  Show  that  {oa  -b - cY  +  (3b - c  - aY  -^  (-^c  -a-b)"" 
-3{3a-b-c)  (3b-c-a)  (dc-a-b) 
=  lQ{a''+b'+c^  -Sabc). 


^P^^^^ 
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TYPE  SOLUTIONS. 


Note. — As  this  book  is  primarily  intended  to  be  an  aid  to 
oral  teaching,  very  little  space  has  been  given  np  to  exhibit  the 
mechanical  arrangement  of  solutions.  No  one  ever  learns  much 
of  that  from  a  text-book  in  his  first  course.  The  teacher's  work 
will  be  the  model  in  an\*  case.  The  following  pages  are,  how- 
ever, intended  to  teach  something  incidentally  about  the  clear 
and  concise  arrangement  of  the  work  as  well  as  to  illustrate  cer- 
tain methods  of  working.  A  great  deal  depends  on  rapidity 
and  accuracj'  at  the  written  tests  given  at  the  various  examina- 
tions, and  rapidity  and  accuracy  are  nearly  impossible  achieve- 
ments for  a  pupil  who  ha^;  not  first  learned  neatness,  order,  and 
method.  To  write  out  in  perfect  form  solutions  of  exercises 
already  mastered  is  a  fine  piece  of  training,  and  manj'  of  the  best 
men  at  the  universities  who  intend  to  compete  for  the  highest 
honors  and  prizes  regularly  spend  one  hour  a  day  for  many 
months  in  succession  in  writing  out  demonstrations  and  solutions 
against  time,  and  in  this  way  they  acquire  extraordinary  speed  and 
wonderful  accuracy  in  placing  their  work  on  pai:)er.  The  amount 
of  work  which  an  average  pupil  can  do  in  one  hotu'  can  be  more 
than  trebled  b}'  tliis  kind  of  training  in  tlie  course  of  a  single  year. 
"Whenever  it  is  practicable  he  should  correct  his  own  work  two 
or  three  daj-s  after  writing  it  and  then  hand  it  in  to  the  teacher 
for  final  revision.  With  the  limited  time  at  command  in  most 
public  schools,  a  very  good  i»lan  is  to  get  pupils  to  copy  down  on 
slips  of  paper  two  or  three  exercises  on  each  slip,  and  then  dis- 
tribute these  slips  at  random  to  the  class,  keeping  a  record  of  the 
time  each  pupil  consumes  in  writing  out  his  solutions  in  ]>erfect 
form,  and  giving  no  credit  for  work  that  is  not  completely  accu- 
rate.    If  the  blackboard  space  is  sufficient  the  whole  class  should 
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frequently  do  tliis  work  with  the  crayon  instead  of  tlie  jx-n.  The 
following  exercises  should  all  be  reproduced  by  the  pupil  inde- 
pendently of  tlie  book  a  considerable  number  of  times.  If  they 
are  written  on  the  blackboard,  each  pupil  may  in  tmn  read  over 
his  work  aloud  and  demonstrate  the  solution,  the  reniaininiz: 
members  being  required  to  cro.ss-examine  and  "quiz''  him  at  the 
conclusion.  In  this  connection  the  teacher  may  occasionally 
write  down  false  or  inaccurate  solutions  and  require  pupils  to 
detect  the  fallacy  or  the  mistake  and  to  correct  the  work.  To 
.secin^e  thorough,  solid  progress,  review  work  of  some  kind  should 
be  allowed  about  one-half  of  all  the  time  that  can  be  allotted  to 
algebra  on  the  time-table,  and  the  rapid  reproduction  of  former 
work  is  the  essential  part  of  review. 

(1)  Express  [a  —  {b  -  c  -  {<!  -  e)  -/}  -  g]  in  simplest  form. 

Solution.      -I-     -     -f-    +     -     -f      - 
a -h  +  c  +  d -('+/-(/. 

N.B.  In  the  first  line  write  down  the  signs  only,  changing 
those  that  require  change.  In  writing  out  this  line  follow  out 
the  changes  caused  b\'  each  minus  sign  separately.  The  line  is 
to  be  written  piece  bj'  piece,  not  continuoush',  thus  the  signs  in 
this  question  are  to  be  written  as  here  numbered.  1,  2,  3.  4,  H,  7,  5. 

(•2)  Simplify  the  expression  2x^  +  {4.c-  -  (Ix^  -  2x)  ]  - 

[Sx'  -  ^x  -  I  hx^  -f  {^x"  -  \x  -  7)  -  1  l.r } ]. 

Solution.      4-4--      +      -+4-     +     _-f_ 
-f-  2x^  -f  4jj-  -  7jc^  -f  2,r  -  "^x-  +  \x -\-  5.r-''  -f- ().r-  -  4.r  +  7  -  11  .r. 
Result  =  2j^'- —  9j? -f  7. 

N.B.  The  line  written  over  4a?  -  7  is  called  the  viii(Milui!i 
and  has  the  same  meaning  as  a  bracket. 

(3)  Multiply  x^'  -  5j?*  -t-oac^  -  3  by  x^  -|-  5.r-  +3. 

Solution. 

1+0-5+0+   5      +0-    3 


1 

-1-5 
+  3 


1+0-5+0+   5      +0-   3 

+  5  +  0-2.')      +0+25   +0-15 

+   ;]      +0--15   +0  +  15  +  y-0 


|a5io+0  +  0  +  0_17jc« +0  +  750* +0  +  0  +0-9 
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N.B.   Zeios  are  introduced  to  mark  the  places  of  the  missing 
powers,    and   the   detiiclied  coefiicients    are   used   to   save  the 

trouble  of  repeating;  ic's.  At  the  end,  x^'  multiplied  hj  x*  shows 
that  the  first  term  of  the  product  is  cc'"  and  the  other  powers 
follow  in  regular  order  9,  8,  7.  G.  5.  4,  3,  2,  1.  those  hnving  zero 
coefficients  being  omitted. 

(4)  Multiply  x''  +  hx*  +lox^  +^0x-  +2ix  +  2l 

hy  x^  -bx^  +  'iOx'^  -bx  +  1.      Question  15,  Ex.  20, 

Solution. 

I  1  +  5  +  15  +  30  +  24  +  21 


1 

1  +  5  +  15  +  30  +  24  +  21 

-5 

-5-25-75-150-120    -    105 

+  10 

+  10  +  50  +  150  +  300    +   240  +  210 

-  5 

_  5  _  25  -  75      -    150-120      -  1C5 

+  1 

1+5      +15  +  30       +  24  +21 

5c''+0+0  +  0+   0    +l?Ax*+  0   +120x'--8lx  +  21 

K.B.  Each  partial  product  is  -written  opposite  the  figure  that 
produces  it,  and  on  adding  up,  we  know  that  the  first  term  is 
x^  since  x''  x  x*  =x^.  and  the  zero  coefficients  show  that  x^ ,  x" , 
x^.  X''  and  x^  are  to  be  omitted  in  the  product. 

(5)  Find  the  continued  product  of  x  +  4,  cc-f  10,  x-1,  x-9, 
and  x  +  2. 


Solution. 

1 
+  10 

1 

-7 

1 
-9 

1 

+  2 


1+   4 


1+   4 
10  + 


40 


1  +  14+   40 


1  +  14+   40 
-7-98      -280 


1+   7-58 -280 

'li:"7^^58      ^80 

_   9_   63      +522  +  2520 


1-   2-121 
1-    2-121 


+  242  +  2520 


+  242  +  2520 
4      -242+   484    +5040 
5  +  0  -  125^3  +  0   +  30045C  +  5040 


0  _ 


X"  +  0  -  rJOX-"  +    0    +3UU45C  +  OU4U 

N.B.    This   arrangement   is  known   as   Horner's  Synthetic 
Multiplication, 
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iiJ 


(6)  Explain  by  an  example  Horner's  Synthetic  Division. 

Bemoxstuatiox.  As  division  is  simply  the  un-iuultlplylmj 
of  a  product  of  which  one  factor  is  given  we  require  to  reverse 
the  process  of  nudtiplication  in  each  particular,  i.e.  to  subtract 
where  we  formerly  added  and  to  divide  where  we  multiplied. 
Let  us  take  the  factors  a"  +2ah-{-b-  and  a-\-h  and  first  form  the 
product,  and  then  divide  the  product  back  bj'  a-\-h.  The  quotient 
must  be  a-  ■{■2ah  +  b- .     The  operation  will  stand  thus  :  — 

Example  {a) 

1  +  2  +  1 


1 
+  1 

1 
-1 


1+2  +  1 

1  +  2  +  1  =  partial  product  added. 


1+3  +  3  +  1  =  the  product. 
—  1  —  2  —  1  =  partial  product  subtracted. 


1  +  2  +  1        =  quotient. 

In  order  to  change  the  signs  of  the  partial  product  as  required 
for  subtraction  we  change  the  sign  of  every  term  of  the  divisor 
except  the  first  term.  The  quotient  is  found  by  dividing  iho 
sum  of  each  column  b}'  the  first  term.  A  second  example  will 
make  this  more  apparent.  Let  us  take  a-  +2ab  +  b-  and  '2((  +  -)b 
and  proceed  as  before.     The  operation  will  stand  thus  :  — 


Example  (b) 


2a 

+  Sb 


2a 
-35 


a-  +  2ab  +b- 


2a^  +4a'-b  +  2ab^ 

+  da'b  +  Qah^  +36^  =  partial  product  added. 
2a^  +la-b  +  Sab'-  +3b^  =  product. 

-oa-b-  Gab'  -  36^  =  partial prod'ct .ndAraetid. 
rt"  +  2ab  +?>-  =  quotient. 

The  last  two  lines  are  found  thus  :  —  Dividing  2a  into  '2a''  we 
get  a",  the  Jir.st  term  of  the  quotient.  Multiply  this  ii-  into  3/> 
with  its  sign  changed  we  get  —oa-b  and  place  it  under  +~a'-b  : 
the  sum  is  4a' b,  which  we  divide  by  2a  and  get  2ab,  the  seco)id 
term  of  the  quotient.  IMultiply  this  by  -  ob  and  we  have  -  Gab-, 
and  the  sum  is  2ab'-  in  the  third  column.  Dividing  this  by  '2*/ 
we  get  /)'-.  the  t/iird  term  of  the  quotii-nt.  Again  multiplying  ))>• 
-35,  adding  and  we  find  the  sum==0,  which  ends  the  operation 
and  shows  that  there  is  no  remainder.  Using  detached  coeffi- 
cients onlj'  the  division  would  stand  thus  :  — 
2+7+8+3 
-3-6-3 


1  +  2  +  1       =a''+2a5  +  6-. 
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(6)  Divide  \2a'  -2G(r  +  10a^  +Sa  -A  by  2cr  -oa+l 


Solution. 


+  3 
-1 


12-2(3  +  10 
+  18-12 
-   6 


+   S-4 
-12 
+   4  +  4 


I  (j-  4-  4  I  0  +  0  =  Grt2  -4rt-4. 
The  second  vertical  line  marks  the  separation  between  quotient 
and  remainder.  Its  position  is  fixed  by  counting  off  from  the 
end  of  the  dividend  as  many  terms  as  there  are  in  the  divisor, 
less  one.  The  next  example  contains  a  remainder  to  illustrate 
this  point  more  clearh'. 


(7)  Divide  f)x' 
Solution. 


18x^  -  Sx~  +  20jc  -  5  by  02^  +  2x-  -  3. 

1  5+0-18  -8  +  20-5 

-2  -10  +  20  -    4 

+  0  +0  -0+0 

+  3  +15-30  +  6 

1  5-rO+   2    +   3-10+r 

Quotient  =  ox'  -  10.r  +  2  ;  remainder  =  ox-  —  lOx  +  1 . 
The  line  separating  the  quotient  and  remainder  is  drawn  after 
the   third    term   of  the  dividend,    for  x^-^x^=x^,   that  is  the 
quotient  will  be  of  fico  dimensions  and  will  therefore  contain 
three  terms. 

(8)  Find  the  numerical  value  of  lOo^*  —  Ix^  -  Idx'.  when  x  =^  3. 

Solution.    If  .r  =  3,  then  x-o=0. 

Divide  the  given  expression  by  x-o. 


1 

+  3 


10-    7-19+     0 
+  30  +  69  +  150 


+     0 
+  450 

T450 


10  +  23  +  50  +  150 

This  shows  that  the  given  quantity  is  = 

(.r-3)  (10.r3+23.r-+50,r  +  150)+450,  and  as  .'•  -  3  =  0, 
the  value  of  the  given  expression  must  be  450. 

(9)  Find  the  numerical  value  of 
.r'"' -102.r'  + 100^- ■* +  102.1- 


Solution. 


1 
+  101 


ddx-  -  20 Lr,  when  x^  101. 

1_  102  +  100  +  102       99-201    |  +  0 
+  101-101-101  +  101+202  1  +  101 
IT-    1~^^1    +    1    +   2    +    f      +101" 

.'.  expression  =  (a:- 101)  (a?*' - x° -a;* +etc.)  + 101, 
and  ..  value  =  101. 
In  all  cases  of  this  kind  therefore  the  remainder  is  the  numori- 
cal  value  of  the  expression. 


(10)  What  value  of  x  will  make  ./r  -2x'  +  *J  an  exact  divisor 
of  the  expression  Tx*'*  -  3,r"  +  1  V 

Solution.    By  division  we  find  the  remainder  =  —TAx-  11. 
To  make  the  division  exact  we  must  have  this  =  0, 
wlience  x=  -  \\. 

(11)  Find  the  value  of  x,  when  10^  ^  "^  +  lOx'  +  lO.r^  -  1000  is 
exactly  divisible  by  x'^l^.X'''  4-1)  -(x-  1). 

Solution.     Dividinjj^  by  x'+x^-.x+l.   wo  get  tlie  fiuoticm 
lOx^  and  a  remainder  of  lOx*  -1000,  and  this  must=0. 
as  in  examples  8  and  9  ; 
i.e.  lOx'-lOOO;  x*=100;  x=  =  10  ;  .7?=  ^10  =3-1(322777. 

(12)  Find  the  value  of  x^  -4x  +  3,  wlien  x  =  o. 

Solution.    Since  x^  =x-.x  =  x-.3,  x"  =3x- =3x.x  =  0./-. 
Take  in  -4x,  and  X'^  —  4x  =  5x  =  15. 
Add  +3,  andx'-4x  +  3  =  18. 
The  work  may  be  arranged  as  in  Horner's  division,  and  is  thoii 
an  exemplification  of  that  method.     Instead  of  bringing  down 
--  4x  and  +3,  carry  up  9x  and  15  thus  :    - 
I  x^+0      -4x  1  +  3 
3  !  3x^  +9x    +15 

3x   +  5    !  +  IS 

(^  13 )  Divide  x"  +  /y ^  +  y^^  -  oxyz  by  x  +  ?/  +  s,-. 

Solution. 

./'•'+      0.x=       -       •'iot/2)  '+{!J^  +  '^^) 

-  X-  {y  +  Z)  +     ;/•(?/  +  Z)  -  j  _  (jy3  +  v--^  ) 


X-  -  x{y-\-z)  -\-(y''  -?/2  +  s-)l 
Here  the  dividend  is  arranged  in  descending  powers  of  x  and 
ail  the  coefficients  are  put  in  brackets. 

(14)  Reduce  to  simplest  form 
[a+b-\-c  +  d)-  +(a-h-  c  +  il)-  +[(i  -  h  +  c-d)'-  +  (a+h-c-dy 

Solution',  "^riic  brackets  arc  alike  ex('opt  tlic  signs;  :nid  for 
every  a  there  ^  a  h.  a  c  and  a  d,  i.e.  the  ex|>ressif>nH  arc  sym- 
metrical. Each  bracket  is  a  square,  and  therefore  iho  expan- 
sion will  contain  only  f?t?rt  kinds  of  terras,  viz.  squares  \\kQ  a- ^ 
and  products  like  ^ab.  Following  cr  through  we  get  Ja-,  and 
we  therefore  know  that  4a- +4^' +4c' +4<Z'  is  part  of  the 
answer.  Next  following  2ab  through  the  four  brackets,  we  get 
0,  each  pair  cancollimr.  and  we  therefore  know  that  2c7C.  2^6?, 
etc. ,  will  albo  icaiicci,    '  Jlciicu  4 (ci -  +  ^'  *+  ti"  +  ^ " )  ii>  the  iCiiulu     " 
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(15)  Simplif}'  the  exiDression 

{a  +  h -\- cY  +  {a  +  h -  cy  +  {a -\- c -by  +  {b  +  c - aY . 

Solution.  This  expression  is  Cyclo-Synmietrical.  for  it 
remains  the  same  '^vhen  we  change  a  into  b,  b  into  c,  and  c  into 
((,  in  each  bracket.  The  first  bracket  becomes  b  +  c  +  a  and  is  the 
same;  the  second  becomes  b  +  c-a,  which  is  the  same  as  the 
fourth;  the  third  becomes  b  +  a-c,  which  is  the  same  as  the 
second;  and  the  fourth  becomes  c  +  a  —  b.  which  is  the  same  as 
the  third.  This  is  a  simple  Test  of  Cyclo-Syiumetry,  from  which 
we  can  write  down  the  whole  of  the  result  by  calculating  one 
part  of  it,  thus  :  cr  +a"  +rr  +a~  =4a- 
2ab  +  2ab  -  ^ab  -  2ab  =  0 
Result  =:4(a-  +b-  4-c-),  b\'  sj'mmetry. 

(16)  Simplify  (a  +  b~2cy +  {a  +  c-2bY +  {b  +  c- 2«)-. 

Solution.   The  expression  is  symmetrical ;  hence  we  get, 
a-  +a'  +4rt-  =6a-  ; 
2ab  -  4a?>  -  ^ab  =  -  Qab. 
:.  result  =  6(a "  +b^  +  c'  - ab -be  —  ca),  by  symmetry. 

(IT)  Simplify   {ax  +  by  -f  cz)  -  +  (ax  +  cy  +  bz)-  +  {bx  +  ay  +  cz) " 
+  {bx  +  cy-{-az)'  +  {ex  +  ay  +  bz)'  +  {ex  +  by  +  azy. 

Solution.  The  sj'mmetry  is  apparent ;  wherever  there  is 
art  ax  there  is  a  corresponding  bx  and  cr,   etc.,    tlironghout. 
Take  the  sqitare  terms  and  follow  a  through  each  bracket  and 
we  get :  a'x'-  +a-x-  ■\-a'y-  +a-z'  +a-y-  +a'^z', 
i.e.  2a' {x'  +y'  +z-). 
Similarly  the  double  products  with  ah  in  them  are  :  — 

2ax{by)  +  2ax{bz)  +  2ay{bx)  +  2az{bx)  +  2ay{bz)  +  2az{by) 
—  Aab{xy  +  yz  +  zx), 
from  which  we  see  that  part  of  the  result  is 

2a-  {x-  +y-  +z-)  +  AaUxy  +  yz  +  zx). 
and  therefore,  by  synwnetry,  the  whole  result  must  be 

2(a-  +  6-  +  c- )  (a^-  +?/'+-')+  -i (^^^  +  ^>^'  +  ^"'0  C'^*!/  +  V'^  +  -'^)- 

(18)  Simplify  • 

{a  +  b  +  cf  +  {a  +  b-eY  +  {a^-c-by  -^{b  +  e-ay. 

Solution,  The  symmetry  is  plain;  each  succeeding 
bracket  is  formed  from  the  first  by  changing  one  sign.  Kow  a 
complete  cube  (.see  Exercise  96)  contains  three  sorts  of  terms, 
1st  those  like  a^,  2nd  those  like  oa'-b,  and  3rd  those  like  i>abc. 
Following  a ^  throughout,  we  get  a^ +a^ +a^ —a^  =2a^,  hence 
'2{a^  -^-b^  •\-e^')  iti  one  x^art  of  the  result.      roUowiiii^  3a"6,"  wo 
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have  '.Hi'h  +  'oa-h  —  '.)a-l)  +  o(i-h  =  Ga-b.  Hence  part  of  r lie  answer 
must  ))e  2{a'^ +b^ +c^)+G(a-h  +  crc  +  b-a  +  b-c  +  c-(i  +  (rh),  and 
tlie  remaining  part  must  be  of  tlie  same  t\'pe  as  abc.  To  find 
rhis  part,  put  a  —  b  —  c  =  \,  which  makes  the  given  expression 
—  oO,  and  the  part  found  =  42  ;  and  from  this  we  see  that  -  1 2abc 
is  the  remaining  part  of  the  result,  and  the  wliole  expression  is 
=  2{a^  +b''^  +c^)+6(a-b  +  crc  +  b-a  +  b-c  +  c-a  +  c-b)  -  I2abc. 

(19)  Simplify- 

{a  +  b  +  cy  -(a  +  b-c)^  -{a  +  c-b)^  -(b  +  c-ay. 

Solution.  The  expression  is  symmetrical.  Reasoning  as 
in  No.  18,  a^  —  a^ -cf^ +a^  =0  ;  which  shows  that  b^  and  c^ 
also  vanish,  ocrb  -  oa-b-\-oa-b  -  3a"6  =  0  ;  and  all  similar  pro- 
ducts vanish.  Thus  abc  is  the  type  of  the  onlj'  term  left.  To 
find  its  coefficients  put  «=5  =  c  =  l,  and  the  given  expression 
=  27  —  1  —  1  —  1=  21.  and  thus  the  given  quantity  =  2Aabc. 

(20)  Expand  {a -\-b -\- c -\- cVf  without  actual  multiplication. 

Solution.  As  in  Ex.  9G  {a+b  +  cY  is  shown  to  he  equal  to 
a^ -\-b^ +c^ +'da''-{b-\-c)-\-ob-{c  +  a)  +  oc-{a+b)-\-Qabc,  we  have 
1  )V  S3'mmetr3'  {a  -\-b  +  c  +  ciy  =  a^  -\-b^  -\-  c^  -\- (P 

+  oa-{b  +  c-^d)+C:>bc(l 
+  ob-  (c  +  fZ  +  a)  +  Qcda 
+  3c-  (fZ  +  a  +  &)  +  6da6 
+  M-  (a  +  6  +  c)  +  Qabc 

N.B.  If  we  write  a,  b,  c,  d  m  a  circle 
and  draw  all  possible  straight  lines 
from  (I  to  &,  a  to  c.  a  to  d.  b  to  c,  b  to  d, 
c  to  d,  and  so  on  if  there  are  more  than 
four  letters,  then  the  straight  lines  will 
indicate  the  double  products  in  the 
square,  the  triangles  will  show  the  pro- 
ducts like  abc  in  the  cube,  the  quadrila- 
terals, the  products  like  abed,  etc.  Thus  with  three  letters  there 
is  only  one  product  like  abc  for  onlj'  one  triangle  can  be  drawn  ; 
but  with  four  letters  there  are  four  triangles,  with  five  letters 
there  are  ten  triangles,  etc.  Let  the  student  form  the  cube  of 
a+b  +  c  +  d  +  e  b}'  symmetry. 

(21)  What  is  the  value  of    a^  +b^  +c^  -oaltc  when  c  +  d  is 
substituted  for  c.^     See  Exercise  96,  question  12. 

Solution.   The  given  expression  is  symmetrical  for  a.  b,  c, 
and    contains  all  their  cubes  and  all  their  products  three  and 
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three  together.  Tlie  reqiiireil  exiuessiou  must  contain  the  sanio 
two  types  with  four  letters,  lience  in  the  light  of  No.  20  we  can 
write  ^3  ^  6"  +  c^  +  c/2  -  ?>hc(l  -  ocda  -  Mah  -  ?iahc.  Let  the 
reader  form  the  exj^ression  when  c-\-d  -\-p.  i.s  .substituted  for  v. 

N.B.  By  noticing  the  symmetry  it  is  generally  easy  to  correct 
an  error,  cf/.  every  term  of  a  square  will  be  of  tiuo  dimensions 
only,  lience  if  we  found  'Ha-h  or  '2ahc  which  are  of  three  dimen- 
sions, we  should  perceive  that  there  must  be  a  mistake.  Every 
product,  quotient,  remainder  will  preserve  its  symmetry. 

(22)  Eeduce  to  simplest  form  the  expression 

[a  +  h -f-  c)  {x  +  ?/  +  z)  -\-[a+h-c)  {x-\-y-  z) 
^-{a-h  +  c)  (.x-2/-t-.^)  +  (-rt  +  6  +  c)  {-x  +  y  +  z). 

Solution.  The  symmetry  is  manifest,  the  last  three  pro- 
ducts being  formed  from  the  first  hy  changing  the  sign  in  each 
bracket ;  thus  the  expansions  can  be  derived  in  the  same  way. 
viz.  the  2nd  can  be  formed  from  the  1st  by  changing  c  into  -  c 
and  z  into  -z^  and  similarly  for  the  rest.      Thus  we  get 

1  st  term  =  -\-ax-\-  ay  4-  az  +  hx  -h  hy  -\-  bz  +  cx  +  cy  +  cz 
2nd     '■'=+       +       -      +      +      --__      + 
3rd      "    = -f       -       +       -       4-       -       +       -       + 
4th      "=+_-_       +       +      -       +      + 


Sum  =  4rtJ'  +4% 

(23)  Factor  rt^-f-63+c'-3a?JC. 


+  4cz. 


Solution  (1) 
the  expression 

+  a^  -ahc 


Looking  to  the  symmetry  we  can'arrange 


+  6^  -ahc 
+  c^  -ahc 


-|-rt(<7-  -he) 
+  h{h~  -ca) 
+  c(c-  -ah) 

Now  a-  -he  is  evidently  an  incomplete  expression  of  which  the 
full  form  is  a'  +h-  +c'  —  ab  —  bc  —  ca^  and  we  therefore  complete 
each  of  these  brackets  b}^  adding  the  missing  terms  and  sub- 
tracting the  same  from  each  ;  we  thus  get 

a(a-  +h-  +c-  -  ah  -be-  ea)  -  a(b^  +c^  -ah-  ea) 
+  b{         "  '^         '•      )-b{e~+a''-bc-ab) 

+  e{         "  "         ''      y.c{a'+b'-ca-be) 

N.B.  The  second  and  the  third  lines  are  formed  from  tne  first 
by  changing  a  into  I>.  b  into  e  and  c  into  a  successively. 

Adding  up,  the  second  row  of  terms  cancels  out.  and  we  have 
(a  +  b  +  e)  (a- +b- +e' -ab-be-ea),  the  sum  of  the  first  row. 
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SoLrnox  (2).  Lookfd  ni  a-<  a  syinmetiical  expre.ssioii 
((•^ +b-^  is  incomplete,  and  \v»>  add  tlic  niissini::  term  ijah{a  +  h)  : 
see  Exei-cise  ^^J.  No.  1  ;  and  suljrraot  tlie  same  term  at  tlie  end. 
This  uives  ns  {a +h)'' +c/^ -')ah[a-\-h  +  <),  of  ^vlli(•ll  a-i-h  +  c  is 
evidently  one  factor.  The  quotient  is  {a  +h)-  -  (a  +  h)r  +  <■'-  -  Vtah. 
wliicli  reduces  to  cr  +h-  +<■'  -  dh-hc  -  ra.  the  other  factor. 

Solution'  (3).  Looking  at  rr' +/>^ +c"  -  .'jc//;c  and  com- 
])aring  it  with  Exercise  9(),  No.  4,  we  see  that  it  is  symmetrically 
incomplete,  and  we  add  and  subtract  the  missing  term 

3(a  +  /;  +  c)  {ah-\-hv-{-ca)  and  get 
in  +  />  +  c) ^  -  '^{n  -\-h-\-  v)   {ah  +  he  +  ca).  of  which  a-\-h-\-c  is  one 
factor  and  {a  +  />  +  r)  -  -  o(<7^  +  he  +  ca) . 
or  a-  +h-  +c'  -  ah  — he  —  ca  is  the  other  factor  as  before. 
Let  the  student  observe  how  the  clue  to  the  solution  in  each  ca.se 
is  found  by  stiid^'ing  the  symmetrical  form  of  the  given  expres- 
sion. 

(24 J  Prove  that 
<i-  4-6-+c-)='+2(rt/)  +  />r  +  rr0'  -3(rr  -^h'-  +e^)  (ah  +  hc  +  ca)^  is 
,1  perfect  square  and  find  its  square  root. 

Solution.  Let  a-  +h'  +c-  =:jc  :  and  ah-\-hc  +  ca  =  y,  and 
sahstitute  ,/'  and  ?/  in  the  given  quantity.  "Wo  get  in  this  way 
.r,^  -\-2y^  -o.cif'.  which  =  (x- -  ?/V-  (r  +  2/y)  by  adding  and  sub- 
tracting '•liiry.     Restore  the  values  of  .r  and  y  and  we  get 

[a-  +/>-  +c=  -ah-hc-caY  {a'-  +h'-  +c'  '+2ah  +  2hc  +  2ca) 
-(a=4-etc.  '•         ''        )'  (a  +  h  +  c)- 

=  (a'-^  +h''  +e^  -3ahe)-. 
The  square  root  of  this  perfect  sqnare  is  therefore 
a^  +h^  +c^  -iiahc. 

(2i))  Express  b{a  +  h  +  c)''  -  ia+h)^  -  ih  +  c)^  -  (c  +  r/)^ 
in  factors. 

Solution.  Let  a-\-h  =  ./• ;  l)  +  c  =  y  :  c  +  a  =  z  :  and  there- 
fore l>y  addition  .c  + y  +  z  =  2{a+h  +  c).  By  suhstltidion.  the 
given  quantity  becomes  (./'  +  ?/-}- .^) ''  -  (x'^  -\-y^  -\-z^).  and  by  Exer- 
cise %,  No.  '),  this  =  o(x-f-//~i  {■y-\-z){z-\-.T).  Restore  the  values 
of  a?,  y,  z,  and  t\\\^^'^(a  ->r2h-\-e^  (n^hA-^e)  {2a  +  b-\-c). 

(2fi)  Simplify  the  expression 

i,3a  -h-ey^{^h-c-  ay  +(3o  -a -by 
-  3(3a  -  6  -  c)  (36  -  c  -  a)  (3c  -  «  -  6).    Ex.  100,  No.  10. 
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Solution.  Let  x^oa-h-c 
y  =  ob  -c  —  a 
z  =  3c  —  a  —  b 


hence  x  +  y-\-z  =  a  +  b  +  c 
x-y  =  4{a-b) 
y  -z  —  ^{b~c) 
z-x  —  4(c  -  a) 
Substituting  in  the  given  quantity  -we  get 
^3  _|_2/3  _|_33  - '^xyz  =  {x  +  y  +  z)  x  h\^{x-ij)-  +  (y-z)-  +  (z-a?)-] ; 
Ex.  96,  No.  9. 
=  {a  +  b  +  c)xl[lC4a-by-  +lG{b-c)-  +16{c-a)-] 
=  lQ{a  +  b  +  c)  X  i[(a-by  +etc.] 
=  16(^2  +b^+c^  -Sabc).     See  Exercise  96,  No.  9. 

(27)  Find  the  factors  of  the  expression 

{a^  +2bcy  +  (&2  +2cay  +  (c^  +2aby 
-3(a2  +26c)  (&2  +2ca)  {c- +2ab). 

Solution.  The  expression  is  evidently  sj'mmetrical.  Let 
x  =  a' +2bc,  y  =  b'+2ca,  z  =  c^ +2ab:  .-.  x  +  y  +  z  =  {a  +  b  +  c)-. 
Substituting  we  get  (x  +  y  +  z)  (x' +y- +z'^  -  xy-yz- zx),  of 
which  the  first  factor  =(« +6  + c)^.  To  find  the  second  factor 
we  have  to  expand  (a^  +2bc)^  +etc.  Take  the  first  term  and  the 
fourth  together,  viz.  (cr +2ab)^  -  {a- +2bc)  {b- +2ca).  expand 
and  write  down  the  other  two  terms  by  changing  a  to  b.  b  to  c, 
c  to  a  in  succession,  and  we  get 

a'  +4a-bc  +  Ab''cr^  -a-b""  -2ca^  -2b\--4abc' 

b'  +4b'ca  +  Ac^a'  -b-c''  -2ab^  -2c^a-4bca'' 

c^+ic-ab  +  4crb-  -c-a'-2bc^-2ah--4cab\ 

The  second  cohimn  and  the  last  column  taken  together  =  0,  and 

we  have  left  a*  +b*  +c*  +a''b'  +y-c^  -\-c^a' 

+  2{a-b-  +b^c^  +c^a'^  -a^b-a^c-ac^  -ab^) 
which  is  plainlj^  =  {cr  +b'  +c-  -ab-bc- ca)' . 
Hence  the  whole  expression 

=  {^a  +  b  +  cY  (a''+b-+c''  -ab-et(i.)-  =  {a^-vb^^c^  -Zahc)-. 

(28)  If  2s^a-\-b-\-c,  express  in  simplest  form 
{s-aY +  (s-bY -\-{s-cy -^'dabc. 

Solution.  Let  x  =  s-a,  y  =  s-b.  z  =  s-c,  and  add  these, 
.•.  x  +  y  +  z^Ss -{a-\-b  +  c)  =  os-2s  =  s.  (A)  Substituting  these 
values  the  given  expression  becomes  x^  +y^  +z^  +oabc.  Add  to 
this  o{x  +  y)  (y  +  z)  {z  +  x)-o{x  +  y)  (y  +  z)  (z  +  x),  which  is 
simply  =  0,  and'  {x  +  y  +  zY  -S{x  +  y)  {y  +  z)  (z  +  ,Y)  +  oabc  is  the 
result.  (B)  Exercise  96,  No.  5.  But  from  the  values  tissumed 
for  X,  y  and  z  we  get  by  addition  x  +  y  =  2s  ~  {a  +  b)—c.  y  +  z  =  a, 
z  +  x=^b,  so  that  o{x-\-y)  (y  +  z)  {z  +  x)=oabc^  and  the  whole 
given  expression  (B)  becomes  (x  +  y  +  z)'^,  i.e.  s^  from  (A)  ; 
result  6'^. 
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(29)  Find  the  relation  between  r  and  q  which  is  necessary  to 
make  x^  -  bqx  +  4r  exactly  divisible  bs'  (x  —  m)-. 

Solution.   Divide  x^  -etc.  by  (x-m)'  an<l  put  the 
remainder  =  0. 


1  1+0+0+0 


+  2m 
—  in' 


—  m-  —  2m^ 


-  5^  +  4  /• 

—  oin-  -Am' 


1  -\-2in  +.')?»■-  4-4;;i-*  [bin*  -bq)-\-{^r-Ain'^). 
It  is  therefore  necessary  that  each  of  the  last  two  columns  ^0, 
separateh'.  .".  bm*  =h<i ;  ni*=q:  m-^  =q\  from  the  lirst  of 
the  two  ;  and  Ar  =  \m'' ;  )-=  m^  ;  /■'  =m-^ ,  from  the  last  of  the 
two.     Hence  the  relation  must  be  /•■*  =g^. 

(30)  Find  the  H.  C.  F.  and  the  L.  C.  M.  of 

apx-  +  {aq  +  bp)  X  +  bq.     (A) 
and  aqx'  -  [ap  -  bq)x  -  bp.      (B) 

Solution.  A  =  [ax  +  b)  (px  +  q) 
B  =  {ax  +  b)  { qx  -  p) 
.-.  H.  C.  F.  =^ax  +  b: 
and  L.  C.  M.  =(aa:  +  6i  (px-^q)  (qx-p). 

(31)  .Tn  the  expression  (x  -  5)  (oc-  +  3x-  +  T)  -i- 11 .  if  we  suppose 
thatx  =  5,  then  x- 5  =  0,  and  the  expression  =  11.  Xow  11  is 
plainly  the  remainder  when  the  expression  is  divided  by  x-b^ 
and  thus  we  see  that  one  way  of  finding;  the  remainder  when  we 
divide  cc^  -  2a2- -  8vC  -  24  by  x-'o,  is  to  put  a; -0  =  0,  and  call 
the  result  the  remainder,  thus  : 

53  _  2.52  -  8. 5  -  24  =  125  -  50  -  40  -  24  =  125  -  114  =  11. 
as  before,  and  as  wc  may  verify  by  division.      It  is  also  plain 
that  if  the  remainder  in  any  case  should  come  out  =  0,  that  x  -  5 
would  be  an  exact  divisor  of  the  expression.     For  instance,  we 
can  tell  without  division  that  x  -  5  will  exactly  divide 

03"^  -  2x'  -  8,r  -  35,  because  5  '  -  2. 5-  -  8. 5  -  35=0, 
when  we  put  cc -  5  =  0,  i.e.  x==b.     Again^  for  example,  we  can 
find  without  division  that  abc  is  a  factor  of  the  expression 

{a+b-{- (■)  {ah  +  be  +  ca-\  -  (>/  +  b)  (b  +  c)  (c  +  a) ; 
for,  put  a  =  0  and  we  have  {b  +  c)bi' -b{b  +  <-)c.  which  =  0.  and 
this  is  the  remainder.  As  the  expression  is  symmetrical,  b  and 
c  must  also  be  factors  if  a  is  one,  therefore  nhr  will  divide  the 
expression.  Now  each  term  of  the  expression  if  multiplied  out 
would  contain  f/n'<"'  letters  and  no  more,  like  aab.  (the.  caa.  etc.; 
it  is  therefore  evident  that  there  cauuoi  be  any  other  Literal 
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factor  Lesides  dbc.  for  in  that  case  we  must  have  leriiis  of  four 
dimensions.  Tlie  only  other  possible  factor  is  therefore  some 
number  like  3,  4,  5,  etc.  If  we  wish  to  ascertain  without 
expansion  and  division  what  this  number  is  we  can  easih'  do  so. 
Call  this  number  N  and  say 

(a  +  6  +  c)  {ah  +  be  +  ca)  -  {a  +  h)  (b  +  r)  (c  +  «)  =  ^^- '^'^^'j 
and  suppose  d  ■=b  =  c  ^  \.  and  \\e  uet 

(1  +  1  +  1)  ,l.l  +  l.l  +  l.ij_(l  +  l)  (1  +  1)(1  +  1)  =  X.1.1.1, 
or  i;J)  (r.)-(2)  (2)(2)  =  N  =  9-8  =  1. 
Therefore  the  whole  expression ^  l.abc,  or  ahc. 

Is.'B.  In  giving-  values  to  a,  b,  c.  we  must  take  great  care  not 
to  assume  them  such  that  either  side  =  0,  because  in  that  case  N 
will  vanish  altogether  and  we  shall  fail  to  determine  its  value. 
For  example  here  it  Avould  not  do  to  take  a.  or /a  or(=0;  but 
we  might  take  <■/ ^  1.  h  =  2.  c  =  3,  or  any  other  values  that  will 
not  make  tlie  expression  =  0.  To  illustrate  further,  suppose  we 
wish  to  prove  that 

{(i-\-b  +  c)  {ab  +  be  +  ca)  - abc  =  {a  +  b)  (b  +  c)  (c  +  a). 
Put  a+b  =  0.  i.e.  a—  —b,  and  therefore  change  every  a  into  -b. 
and  get  {  -b-\-b-\-c)  (  - b-  +  be  -  cb)  +  b'C.  i. e.  -  eh'  +  b- c.  which 
=  0,  and  shows  that  a  +  b  leaves  no  remainder  and  is  therefore  a 
factor  of  the  expression.  By  symmetry  b  +  c  and  c  +  c^  are  fac- 
tors, that  is  their  product,  [a  +  b)  [b  +  c)  (c  +  a)  is  an  exa^ t  divisor. 
There  can  be  no  other  literal  factor,  because  the  expression  has 
only  three  dimensions.  If  there  is  any  other  factor  it  is  some 
number,  hence 

(a  +  b  +  c)  {ab  +  bv  +  ca)  -  abc ^l:s{a  -\-b)  {b  +  c)  {c  +  a). 
Now  in  this  case,  we  can  put  a  =  1  =b.  c  =  0,  for  these  values  do 
not   cause   {a  +  b)  {b  +  c)  {c  +  a)    to   become  =  0   and   thus   cause 
N(r/+6)  {b  +  c)  {c  +  a)  to  =0  and  make  X  disapi»ear  altogether. 
Taking  these  values  we  have 

(1  +  1+0)  (l  +  0  +  0)-0-Nil  +  l)  (1+0)  (0  +  1) 
/.c.  ^2  =  'N{2) ;  or  X^  1.  as  required. 

(32)   Show  that 

{a  +  b  +  c}*  -{b+c)'  -[c  +  r/)'  -  u/+/;i'  +a'  +b^  +c* 
=  V2abc{a  +b  +  c)  without  actual  expansion  and  division. 

Solution.  Put  a  =  0,  and  the  left  hand  member  becomes 
ib  +  c)^  -{b  +  c}*  -c"*  -b*  +b'  +c*  ^0.  Hence  (f  is  an  exact 
divisor,  and  Iw  symmetry  b  and  r  are  also  factors,  i.e.  abc.  This 
gives  fh7'ee  dimensions,  but  the  expression  contains/o?//'  through- 
out, therefore  there  nmst  be  another  literal  factor  of  one  dimen 
sion  yot  to  be  found.      Tin's  fa<-t<)r  jnusl  oboy  .<ymmetry,  must 
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havo  r^  />.  (similarly  involvei]  and  must  therefore  1k'  d +/>  +  (-, 
for  this  is  tlie  only  expression  of  oni;  dimension  that  is  symme- 
trir-al  for  a,  Ik  and  <\ 

Hence  (a  +  b  +  r)*  -{h  +  <■)  *  -  etc.  =  Sah(Ui  +h  +  c). 
l»ut  <i=h  =  r  =  1  and  :\^  - '2'  - '2'  -2' +  1' +V +  \' =y.:) ; 

i.p.  81 -i<;-  i(;-it;  +  3  =  :3X:-oG  ; 

lience  N  =  12,  and  \2abc{a +h-{-c)  is  the  reduced  expression  ?.s 
may  be  verified  by  expanding  the  terms  and  adding  them  up. 

(33)  Find  the  factors  oi  {x-yY  -\-{ij  -  zf  ->r  {z-  xY .  ' 
Exercise  100,  No.  7. 

Solution.  Test  for  x-yhy  putting  x- y  =  0  ;  i. e.  x  =  .y, 
Write  2/ instead  of  x  throughout  and  get  0 +  {y-z)^ +  {z-y)^. 
which  =  0  and  shows  that  x  -  y  leaves  no  remainder.  Hence  by 
symmetry  {x-y)  (y-z)  (z-x)  is  a  factor  of  the  expression,  and 
accounts  for  three  out  of  the./zre  dimensions.  The  remaining  part 
must  be  a  single  factor  of  two  dimensions,  because  any  factor 
like  X,  x  +  y,  or  x-y.  would  also  give  two  more  hy  symmetry, 
and  produce  a  product  of  six  dimensions.  Now  a  factor  of  two 
dimensions  contains  only  two  kinds  of  terms,  viz.  square  terms 
like  x"^.  ?/-,  S-,  etc.,  and  products  like  xy,  yz,  zx,  etc.  ;  there- 
fore its  general  form  must  be  N(jc-  +?/-  +  z-)  +V{xy  +  yz  +  zx)  in 
this  case.     Hence  we  may  say  (x - y)'^  +  {y - z)^  +  (z - x)^ 

=  {x-y)  {y-z){z-x)  \]^{x'- +y' ^z-)jtV{xy  +  yz^zx)-] 
where  N  and  P  are  some  numbers  like  3,  5,  7.  8,  etc.      To  find 
these  numbers  put  2  =  0  throughout  and  get 

{x-yY+y^  -x''=  {x - y)  {y)  ( - x)  [N(.r-  +y-)  +  'P(xy)] ; 
i.(\,  y)x*y-\-  lOx^y'  -  \Ox-y''  +bxy*  = 

-xy{x-y)  [N(.«-+?/-)+P(a:?/)]. 
or  -  xy{x  -  y)  [o(x-  -f  y-)  -  5(jc?/)]  = 
-xy{x-y)  [NOi-+.v-)  +  P(x?/)]. 

from  which  it  is  plain  that  N  = ."),  P  =  -  5  ;  and  therefore  the 
last  factor  of  two  dimensions  which  we  are  seeking  must  be 
;')(./;-  +  ?/-  -\-z''  —  xy  —  yz  —  sa?)  ;  and  all  the  factors  are 

=  '^{x  -  y)  iy  -  z)  {z  -  x)  {x-  +  ?/-  + .--  -  xy  -  yz  -  zx). 

The  student  may  apply  the  preceding  method  to  the  following 
examples,  which  will  enable  him  to  tost  his  knowledge. 

( A)  r?  -  {h  -  (• )  +  /r  ((•  -  (0  +  c  -  {a  -  h) . 

(B)  a\b  -  f)  +6'(<'  -  a)+c\a  -  b). 

(C)  (Y(b  -  r)-{-b\c  -  a)+r*(a  -  b). 


^C)  I'LliLIC    MIUJUL    ALGEBRA. 

(d)  (a +  b  +  c)'-' -(a^' +!)'•' +c'-^). 

(e)  (a  +b  +  c)^  -  in ''  +  h'-'  +  c^). 

(f)  («+?>  +  e)  ^  -  Tr;  +  &  -  c)  ^  -  ("«  +  c  -  &)  ^  -  {}}  +  c  -  rt ) " . 

(g)  rt(?>  +  c)  (?>- +c- -rt-;+;>(c  +  <2j  if-  ^cr  -\r) 

(h)  «^(6  +  c-rt)-  +6'(<:'  +  <:/-6)-  +f-''(y/+6-r)- 
-\-ahQ{fr  +?>-  +C-) 
4-  (rr  +  6-  +  c-  - />c  -  ca  -  a/j)  (/>  +  c  -  d)  (c  +  a  -h)  (a+b-c). 

(k)   {a+b  +  c  +  (jy  -  (rt^  +?>^  +c^  +fZ^)  -  (a+b  +  d)'^ 

-{a  +  c  +  ciy  -  (rt  +  6  +  c)^  -  {b  +  c  +  d)^  +  {a  +  b\*  +(b  +  c)* 
+  (c  +  i/)  *  +  («  +  fZ)  ^  +  (6  +  <^0 '  +  («  +  ^'j '  • 

(l)  (rt  +  6  +  c  +  (/)^-(a^+&^+c'^+c^Z^)-(«+6  +  cZ)^ 

-  (a  +  c  +  cJ)'^  -  (r^  +  ^^  +  c)^  -  (6  +  c  +  rf)^  +('«  +  ?>)^  +(/j  +  c)^' 

+  (c  +  fO^  +  (rt  +  cO'  +  <'.'^  +  <^0^  +  («  +  0"- 

Results,   (a)  -(a-b)  {b-c)  (c-a). 

(b)  -  (a - b)  {b - c)  (c -a)  {a-\-b-\- c) . 

(c)  -  {a  -  b)  (b  -c)  {c-a)  {cr  +b-  +c'  +  ab  +  be  +  rr/) . 

(d)  o{a  +  b)  ib  +  c)  (c  +  a). 

(e)  5(rt  +  &)  (/;  +  c)  (c  f  a)  (a-  +  6-  +  c-  +  ab  +  />c  +  e«). 

(f)  'HAabc.       (g)  2a6c(rt  +  &  +  c).       (h)  2abc(ab  +  bf  +  ca). 
(K)2AabccL        {!.)  GOabcd{a  +  b  +  c  +  d). 

Hints.   In  a  and  b.  X  =  -  1.     In  c.  X  =  -  1  and  P  =  -  1 , 
In  e,  N  =  5.  P  =  5.     In  h.  X  =  0.  P  =  2. 


(34)  Find  the  H.  C.  F.  of  2jc* +9x' +  14x  +  3  and 

ox"^  +  lbx-  +bx-  +  10x  +  2.     Exercise  GG.  Xo.  12. 

Solution.  Apply  the  principle  of  Exercise  64,  No.  4,  in 
this  way  :  — Take  multiples  of  the  two  expri'ssions  such  that 
w  hen  added  or  subtracted  the  lirst  terms  will  cancel ;  next 
lake  multiples  such  that  the  last  terms  will  cancel;  then 
use  the  two  remainders  in  the  same  way  ;  and  the  next  two 
remainders  in  the  same  way.  until  the  operation  is  completed. 
Thns  in  the  given  example  call  the  first  expression  A  and  the 
second  B.  Take  2B  -  oA.  call  the  remainder  C.  Take  3B  -  2A. 
call  the  remainder  D.  Hence  every  measure  of  A  and  B  will 
measure  C  and  D.  TakeoD-5C.  call  the  remainder  E.  Take 
2C  +  oD.  call  the  remainder  F,  and  observe  that  F  and  E  are  the 
same. 
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S7 


A    2  +   9  + 

0+    14+   3 

B    3  +  15  + 

5+    10+    2 

3A 
2B 


2B- 

-3A 

2A 
,3B 

3B- 

-2A 

5C 
3D 

3D- 

-5C 

2C 
5D 

6  +  27+     0+42+9 
6  +  30+   10+   20+  4 


Argument :  Every  measure  of  A  aiul  B  will  measure  C  and 
D  ;  every  measure  of  C  and  D  will  measure  E  and  F  ;  hence 
ever}'  measure  of  A  and  B  will  measure  E  and  F.  But  E  and  F 
are  equal  and  are  their  own  greatest  common  measure,  therefore 
E  and  F  are  the  H.  G.  F.  of  A  and  B. 

Operation  :  Using  detached  coefHcients  the  work  may  be 
exhibited  in  the  following  form  :  — 

1 
2 

3 
4 

5   . 

6 

7 

8 

9 
10 
11 
'  12 
13 
14 
15 
16 


2C+5D 


3+    10-    22-    5  = 

=  C 

4  +  18+      0+   28+   6 
9  +  45+    15+   30+   6 

5  +  27+    15+     2 

.D 

15+    50-110-25 
15+   81  +   45+   G 

31  1    31  +  155  +  31 
1+      5+    1= 

=  E 

6+   20-    44-10 
25  +  135+   75  +  10 

31|31  +  155+   31 

1+     5+     1 


=  F 


But  E  =  F,   .-.  x=  +  5jc  + 1  =  H.  C.  F.  of  A  and  B. 

Exj)lanation  :  In  line  1  a  zero  is  put  in  where  X"  is  missing. 
In  line  8  the  Cj[uantity  written  in  full  would  be 

5jc*  +27x''  +  15u?-  +2.r  =  .r(5x^  +27x-  +15x  +  2). 
but  as  X  is  plainly  no  factor  of  A  and  B  it  is  dropped,  and  in 
line  10  we  take  3D  =  3(5a:;''  +27cc-  +etc.)  instead  of 

3(5x*+27a:3+etc.) 
In  line  11  the  remainder  =  3 l(x-  +5.r+l).  and  31  is  evidently  no 
part  of  the  H.  C.  F.  for  which  we  are  searching,  and  therefore 
we  drop  it.  Lines  13.  14,  15.  KJ  are  necessary,  because  if  A 
and  B  liad  no  common  factor,  it  would  be  necessary  to  show 
that  E  and  F  had  none.  In  line  15,  the  numerical  factor  31  is 
struck  out  for  the  same  reason  as  in  line  11. 

Remark  :  If  the  principle  of  Exercise  64,  No.  4.  has  been  com- 
prehended, actual  experience  shows  that  the  youngest  pupils  can 
apply  it  intelligently  by  the  preceding  method  to  the  most  diffi- 
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cult  examples  of  this  kind  that  can  be  proposed  with  numerical 
coefficients.  The  next  example  can  be  understood  by  junior 
pupils  who  have  mastered  Exercise  G4,  page  47. 


(35)  Reduce  to  lowest  terms 


Sx'  -311x- +21 


21.r' -377cc*+8 
Mcitriculation  Examination.  Toronto  University. 

Solution. 

8j^' -377x^+21 
21x' -377x-^+S 


A 
B 


A  +  B 


B-A 


29x^  -  377cc*  -  377cc2  +  29     Divide  by  29. 

x' -   13x^-    13.r^+   1=C. 
13x'  -  377x*  +377,x'^  -  13     Divide  bv  13. 

x'    -   29^-*+   29^--    l^D.  \ 

Divide  by  2.r\ 


C  +  D      2x' -   42cc^+   16a?^ 


X 


i4 


C-D 

E  +  F 
E 


^x' 


■•2\x   +    8  =  E. 

42^:;^+   2       Divide  bv  2. 

21x'+    1=F.    . 


^x' 
3jj* 


21cc'  -  21CC  +  9     Divide  by  3. 
Ix^'  -    7.x'  +  3  =  G. 


G  +  3H 


(G-3H)^2 


t3L-K)  -fS 
(3K-L)^8jr- 


Ix^  -    2U-='  +  21,x-  -  7     Divide  by  7. 
cc*  -     ox^ -\-  3x--l:=H. 


(Ir^  -    lG.r^+    2x     Divide  by  2.r. 
3jc^  -8.r-'  +1  =K. 

8x'  +  3  -^  L. 


-„3 


X 


x"- -   3.r  +  l=M. 
X' -   3.r  +  l-N. 

=  H.  C.  F.  of  A  and  B. 


1 
+  3 
-1 


8    +     0     +    0     +      0      -377+0      +0+21 
24    +    72    ^.    102    +504+189    +G3 

_     S     -     24     -    04 -1(18    -G3-21 


^x-'  +  24^*  +  G4x^  +  lG8x-  +  G3x'  +21     =  reduc'd  numerat'r 


1 
+  3 
-1 


21+0     +     0      -  377  +   0    +0   1+0+8 
G;;    +    189    +504   +192  +  72^  +  21 
-      21     ^      G3   -  1G8-G4  1-21  -> 


21cc^  +  G3ac* +168a;^ +640;- +24x+ 8   l  =  rcd.  denominator 

Comparp  Exercifif'  1(^.  Xo.  .^.  prif/*'  '~>2.  <nt(J  (ip/'fj/  this  method 
to  fiolvf  H. 
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(.')*))  If  .L-  +  <i  is  I  he  H.  C.  F.  of  the  quant  itit>>  ./-  +j>i+t/  an  I 
./•-  +  /•./■  +  s,  2)1-0 ve  that  a  =  {q  -  ■*>}  -r-  (p  —  rj. 

SoLUTiox.  If  j-  +  (i  divides  eacli  quantity  exactly,  thv 
remainders  are  eacli  —0.  But,  as  in  tlie  examples  on  jiages  TiJ 
and  77.  the  remainders  are  found  by  i)Uttin.u- 

,r  +  a  —  0,  i.e.  jc=  —a  :  hence 
Ri  =a-  -pa  +  q  =  0  =  a{((  -]>)  +  </ 
R,  2  =  « ■  —  rci  +  6'  =  0  =  a{a  —  r)  +  .v 
Sal)tra<ting  these  equations  we  get  rt(p  -  r)  —{q  —  •*••)  =  0 

i.e.  a{p-  i')  =  fj  -  •'^ 
or  (I  =  (q  --  ■*'■'>  -r-  ( p  -  i'). 

(37)   .Show    that  x'  +  a  is  a  common    factor  of  t';e  quantities 
,r-  +q.i:+l  and  x^  +  px^  +q.ic  +  'i.  provided  that 

Solution.  Finding  tlie  remainders  as  in  the  preceding- 
example  we  get  Ri  =a-  —qd    +1=0 

R  >  =  -  a  •"'  +  pa  -  -  7rr  + 1  =  0. 

Subtract  and  rt^— a^(2>-l)=0; 

?. e.  a  -  (p  -11=0.  and  a  ^  p  -  1. 
Substitute  this  value  of  d  in  Rj.  and  we  cet 

(/;-!)- -^(p-l^+'l=0. 

(.38)  Fmd  the  sum  of  the  fractions  +  +  ^ ... 

((  —b     (.(  +h     b-  -  d' 

Solution.  Set  aside  the  .c  which  is  common  to  the 
numerators;  and  change  b- -  a-  into  cr -b  .  and  tlitrpfdn- 
change  the  sign  +  into  —  before  the  .'Jrd  fraction.  Xext  multi- 
ply the  terms  of  the  1st  by  a-\-b.  the  terms  of  the  2nd  by  a  - h. 
and  take  the  sum  of  all  the  numerators,  viz  : 

a[a  +  ^)  4-  b(d  -  b)  —  2ab,  which  is  a  -  —b'-. 
The  C.  D.  is  also  cr  —  b- .  hence  sum  =  1 .     Restore  x  and  sum  =  .r. 

('■■»rV|   Find  the  sum  of  the  fractions 

1  +-        J..         .4-  I 


( ./•  - ;))  {X  -  4 )     (./•  -  2)  (4  -  ./•)     {-2  -  ./•)  (:J  -  X) 

Solution.    Restore  the  symmetry,  so  that  (./•  — 2i  (./--.')) 
(,c-4)  is  the  C.  D.     This  makes  the  2nd  fraction  ner/afive,  but 
the  '>rd  remains  positive.     Hence  numerator  of  the  sum 
=  {x-2)-  2(:r-  3)  +  (x  -  4")  -0. 
Therefore  whole  sum  =  0  +  (.r  -  2)  {.r  -  :\ )  (.r  -  I )  -  0. 
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(40)  Simplify  the  exiDression 

2/  +  S  _^ z  +  x _j_  x  +  y 


(y-  -  zx)  (z^  -  xy)     (z^  -  xy)  {x^-  -  yz)     (x^  -  yz)  {y^-  -  zx) 

— Second  Class,  18S7. 

Solution.    The  C.  D.  =  {x^  -  yz)  (y-  -  zx)  (z-  -  xy) ; 
hence  the  numerator  of  the  sum  will  be 


{y+  z)  {x-  -yz) 
+  {z  +x)  {y-  -zx) 
+  {x  +  y)  iz''  -xy) 


-{■y{x'  -yz  +  z~  -xy)  ; 
+  z{x^  —yz  +  y^—  zx)  |  =  0. 
+  x{y'  -zx  +  z"  -xy) 


Hence  the  whole  sum  =  0,  as  in  the  preceding  example. 
(41j  Simplify  the  expression 


(x  +  y)  {x  +  2y)     (x  +  y)  (x  +  Sy)     (x  +  2y)  (x  +  'Sy)     x  +  Sy 

—■Third  Class,  1S87. 

Solution.    The  C.  D.  is  (x  +  y)  (x  +  2y)  (x  +  3y). 
Hence  the  numerator  of  the  sum  is 

x{x  +  oy)  +  2y{x  +  2y)  +  x{x  +  y)  -(x  +  y)  (x  +  2y) 
=  (x  +  y)  (x  +  2y). 

11  •         (x  +  y)  (x  +  2y)  1 

.".    whole  expression  =^ — L.-^^L^ — : — ^ = 

(x  +  y)  (x  +  2y)  (x  +  3y)     x  +  ?nj 
Test.   Put  x  =  Q.  y  —  1.  and  §--j  =  ^ 

(42)  Solve  the  equation 

a  -  X    ,    b  -  X   .     c  -X  3x 


a~  —be     b'  -  ca     c"  -  ab     ab  +  bc  +  ca 

Solution.    Transpose  the  right  hand  side  part  bj-  part, 
and  add  each  fraction  on  the  left  to  one  of  the  parts.     Thus  for 

the  first  fraction  on  the  left 


a'  -be     ab  +  bc  +  ca 

The  immerator  of  the  sum  of  these  two  is, 

n(ab  +  be  +  ca)  -  x(ab  +  be  +  ca)  -  x^a-  -  be), 
which  is  ~a(ab  +  bc  +  ca)  -  x(a  +b  +  c)a.  By  symmetrj' the 
the  other  two  are /;(  "       "       '')-x(    "     ''    )?).  and 
c{  "      "      '')-x(    "     "    jc. 

Each  fraction  has  aJ)  +  be  +  ea  in  its  denominator.      Strike  this 
out  of  the  ilcnominHtor.  Mud  deal"  of  fractions,  and  we  cet 
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[a{ab  +  be  +  ca)  -  x(a  +  b  +  c)a]  (b-  -  ca)  (c'  -  ab)  \ 
+  [/>('•       '^      '')-x{    -    '■    )b]{c' -ab)  {,r- -bc)\  =0. 
+  [c(  "      "      "')-a;(    ''    "   )c]  (a= -Z>c)  (/>=-fY/)  J 

Collecting  terms  and  bracketing,  -we  have  by  transposition 


{ab  +  be  +  ca) 


rt(62_ca)(c--a6) 

+  &(a2-6c)  {c-  -ab) 

■\-c{a'^  -be)  {b'  -ca) 

x{a  +  b  +  c) 


a{b'  -ca)  ((?-  -ab) 
b{a'  -be)  (c^  —ab) 
e(a'  -be)  {b'  -ca) 

Divide  through  by  the  common  factor  which  is  contained  in  the 
vertical  vinculums  and  we  get  (ab  +  be  +  ca)  =  x{a  +  b  +  e), 
i.e.  x  =  {ab  +  bc  +  ca)-^{a  +  b  +  e). 

(43)  Solve  the  equation 

{x-\-a  +  b)^  -{x  +  a)*  -  (x  +  b) *  +x*  -{a+  h) ^  +a^  +b* 
=  12ab[x'  +  {a  +  b)^-]. 

Solution.   For  a  +  b  write  tc  throughout,  and  expand  tluis 

X*  +  ix^w  +  6T)e-w^  +  ixw^  +  w* 
-.X*-  Ax^a  -  6.r-«-  -  4xa^  -  a* 
-X*-  4:X^b  -  6x-b'    -  Axb'^    -   6^ 

X*  {-w*  +  a*  +b*) 


^  12ab(x-  +  If-) 


0  +  0  +  Qx^to'  -a'-  -b~)  +  ix{zv''  -a^  -b^)+0=rl2ab{x-  +w') 

i.e.  Gx-(2ab)  +  (4.x)  {^ab)  (iv)  =12af){x- +w-). 
Divide  by  12ab  and  x-  +  ivx  =  x-  +  w-  ;    ..  x  =  ic ^a+b. 


(44j  Solve  the  equation 


Sabc  _  bx 

a  +  b      a      {a  +  b)  ^ 


a-b""         o         b^'x      2a-Vb 

=  CtCX  - 


a       {a-\-b)  - 


bx 


Solution.  Transpose  —  and  factor,  thus 

a 


ah    / 


3c + 


ah 


{a  +  b)')  I  a^        {a  +  b)-A^ 

( cy     ,  b         a-       \ 

=  x\  3c  +  -  . > 

I  a     {a  +  b)'} 


=  X  \ 


3c  + 


ab      \ 

(a  +  bV-  < 


ab 
a+b 


=  X. 
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X  -  ^a  +  h 


(45)  Solve  the  equation  \1 — '-  ) 


x-h'       x-2b-\-a 

Solution.    Let  x - «  =  m  ;  x  -b  =  n ;     :.    n  -in  =  a-h  : 
and.  on  substituting-  these  values  throughout,  \ve  get 
m'^  _  [x  -  a)  -  {a  -  h)  _ 7n  -  (n  -  m)  _ 2??;  -  n 
n ^      ( X -h)  +{a-  h)      n  +  {n  -m)     2 n^m 
Clearing  of  the  fractions  and  transposing,  we  get 

')n^{2n  -  m)  -  71^ {2m  -  ??)  =0  ; 

i.e.  2mn{in-  -  n-)  -  [m^  —•?/,*)  =0, 

or  (»i2  ~n-)  \2mn  -  {m^-  -\- n-)\  =-0. 

Hence  one  of  the  two  brackets  must  =  0,  since  their  product  =0. 

Select  the  first,  and  {m-\-n)  {m  -  n)  =0. 

Hence  m  +  n  =  0.  or  m  -7i=  0. 

If  w  +  ??  =  0,  2x  -a-  h  =  0,  and  x^l  {a  +  b). 

N.B.  It  will  be  found  on  examination  that  the  other  two  con- 
ditions,'\'jz.  m-n=0,  and  2nin  -(m-  +n-)  —  0.  are  the  same: 
and  from  each  we  get  11-0)1  =  0  ~b  =  0,  or  a  =  b,  which  gives  no 
value  for  rr,  but  is  The  Equation  of  Condition  among:  tho 
Coettieieiits  which  reduces  the  original  Equation  to  an  Identity. 

(4G)  A  person  goes  from  Hamilton  to  Toronto  by  boat  at  the 
rate  of  lo  miles  per  hour,  remains  an  hour  and  a  half  in  Toronto, 
and  returns  by  rail  at  the  rate  of  2G  miles  per  hour.  He  is  gone 
nltogethor  six  hours:  find  the  distance  from  Hamilton  to 
Toronto.— 77? /rcZ  Cla.^s.  1881. 

SoLrTiox.    Let  ,x  =  the  distance  expressed  in  miles. 

V.  —  +  J^  =-  4 J  ;    .-.  X  =  39  miles. 
1:3     2(> 

AniTiniKTiCAL  Solution.   He  is  9  half-hours  on  the  road. 
The  rafe.'<  are  as  1:2;    hence  the  time.^  are  as  2:1.      Divide  9 
into  two  ])arts  in  this  proportion,  viz.  fi  and  o. 
Distance  =  3x1 3  =  39  =  U  x  2(1. 

(47)  A  number  consists  of  two  digits;  if  these  digits  be 
reversed,  the  number  thus  formed  is  less  than  the  first  number 
by  twice  the  greater  digit ;  also,  four  times  one  digit  exceeds 
three  times  the  other  by  unity.     Find  the  digits. 

Solution.    Let  lO.r  +  ?/ =  No. :    .-.  102/4-a?  =  Xo.  with  digits 
reversed.      .-.  9,/'  -  9?/  =  2x  ;  /.  r.  Ix  =  9 7. 

Also  4^  =  3.r  +  1  :  whence  .>'  =  9,  ?/  =  7.       No.=!>T. 
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(48)  A  compound  of  tin  and  lead  weighs  lU-43  times  as  much 
as  an  equal  balk  of  water,  while  tin  weighs  7"44  times,  and  lead 
1 1  'ob  times  as  much  as  equal  bulks  of  water.  Find  the  number 
of  pounds  of  each  metal  in  the  compound. 

Solution.    Let  x  be  the  weiglit  of  the  tin,   and  y  the 
weight  of  the  lead  in  a  given  quantity  of  the  compoimd. 
.'.  cc-T-T  "44  =  weight  of  water  equal  in  bulk  to  the  tin  in  compound 
and  ?/-^  11.35  =   '•  "  "  •'         lead  '• 

Also  ./:  +  y  =  weight  of  the  compound  ; 
.-.   (./.'  + 2/) -r  10-43  =  weight  of  water  equal  in  bulk  to  the  com- 
pound.    Thus  we  get  tlie  equation 

4-  _  ^_  =      '  ^.     ±rom  this  we  can  get    -  — _  = 

744     1135     1043  "        y     1135x13     14755 

Therefore  the  proportions  of  tin  and  lead  are  as  207(1  :  14755  in 
anj'  given  quantitj'. 

(49)  If  76  men  and  59  boj^s  can  do  as  nmch  work  in  299  da^'s 
as  40  men  and  33  boys  can  do  in  557  daj's.  how  many  men  will 
do  as  much  work  in  a  day  as  15  boys  can  do  V 

Solution.    Let  x  stand  for  a  day's  work  bj-  a  man. 
Let  z/         "         '•  ''         "  bov. 

Then  299(7Gx  + 59?/)  =  557(40^  +  33?/), 

i.e.  22,724x'+ 17,041.?/ -22. 280x'  + 18.381?/; 
or  444cc  =  740//  ;  or  Occ  =  10?/  ; 
Therefore  9x'  =  15?/.      Ans.   9  men. 

(50)  A  man  divides  $1,300  into  two  simis  and  lends  them  at 
different  rates  of  interest.  He  finds  the  incomes  from  them  to 
be  equal.  If  he  had  loaned  the  first  at  the  rate  of  the  second  he 
would  have  received  $30,  and  the  second  at  the  rate  of  the  first 
he  would  have  obtained  $49.  Find  the  rates  of  interest. — 
J}inior  Matriculation.  Toronto  University ,  1S90. 

Solution.  Several  interpretations  of  the  meaning  of  this 
problem  are  possible,  according  to  the  answers  returned  to  the 
following  t|uestions :  Simple  or  compound  interest '?  For  tlie 
same  time  or  for  different  times'?  Is  $30  the  income  from  the 
whole  investment  or  from  the  first  sum  alone?  Is  $49  the 
income  from  the  whole,  etc.?  Taking  one  set  of  answers  :  Let 
P,  and  P.j  be  the  sums,  so  that  P,  +P2  =1300  ;  and  let  r,  and 
?'2  be  the  rates  at  simple  interest  for  equal  times  on  $1.  Then 
we  have  Pi?*! —Po^o  ;    and  P,/.2^30:    Po?',=49.    from  which 

Pi     ro     30?-,         ,  ?■..      0     P, 

— .'  =  — 1  = i  ;  whence  — :  -  _  =  — ' . 

Po     /•,     49?-2  ?•,     7     Po 
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Heuce  Pi  ^SGtO  ;  P^  =s7C0  :    and  the  rates  must  be  7%  on  the 
first  part,  6%  on  the  second  part. 

(51)  A  lends  one-half  of  his  money  to  B  at  5%  per  annum 
simple  interest,  and  the  remaining  half  he  invests  in  the  three 
Iter  cents  at  90.  B  paj's  the  interest  legularh'  during  the  first 
five  years,  but  afterwards  neglects  to  do  so  till  other  five  years' 
interest  is  duo,  when  .-1  calls  in  all  his  money,  and  B  becomes  a 
bankrupt  paying  lO.s-.  in  the  pound.  A  sells  out  when  the  funds 
are  at  81,  and  then  finds  that  the  whole  sum  he  has  received  as 
principal  and  interest  in  the  ten  years  exceeds  the  sum  he  origi- 
nally possessed  b}'  £.'34  13.9.  4d.  How  much  did  he  lend  ii.^ — 
CambritUje,  England. 

Solution.  Let  o:  =  the  number  of  pounds  lent  to  i?  =  sum 
invested  in  3  per  cents  ;  then  in  10  j'ears,  £90  in  the  3  per  cents 
yields  £30  ;  i.e.  cc  yields  ^-x,  and  this  stock  is  finally  sold  out 
for  ~^ijjc.     Hence  total  proceeds  of  stock  =  ^x  +  A,^  =  Hx. 

Again,  B  pavs  in  interest  for  5  vears  5  x  —  =  -  ;    and    at  the 

"  20     4 

end  of  10  years  he  owes  A,  x-\-\x  =  \x ;   and  he  pays  only  fa; 
instead  of  the  whole  debt.     Hence  the  whole  sum  received  from 
B  in  10  years  is  =  \x  +  |x  =  i,x.     Thus  we  have  the  equation 
llx  +  Ix  =  2cc  +  34§,  from  which  x  =  £320. 

(52)  A  man  starts  to  walk  at  uniform  speed  from  C  to  M  and 
back  without  stopping,  and  at  the  same  time  another  man  starts 
to  walk  in  the  same  manner  from  M  to  C  and  back.  They  meet 
1  h  miles  from  M  :  and  again,  an  hour  after.  1  mile  from  C. 
Find  their  rates  of  walking  per  hour,  and  the  distance  from  C 
to  M. 

Solution.   Let  x  =  number  of  miles  from  C  to  M. 
Then  A  goes  x-lh  miles  while  B  goes  lA  miles ; 
and  ^     "    2x-i     "  "     B     '•    .r  +  1  miles. 

.-.  x-n:'2x-l  =  U:x-\-\  ; 

i.e.  (2x-3)  (x  +  l)  =  3(2a'-l); 
or  2x'  —x  =  Qx:  i.e.  x  =  o\  miles. 
,1's  rate  per  hour  — -1?.  -fa:-l=4  miles. 
B's         "         "     =  X-  1 A  +  1  =  3  miles. 

(53)  Alfred,  Edward,  and  Herbert  come  each  with  his  pail  to 
a  well :  when  a  question  arises  about  the  quantity  of  water  in 
the  well :  but.  as  no  one  of  them  knows  how  much  his  pail  will 
hold.   the3'  cannot  settle  the  dispute.     Luckily  Mary  comes  up 
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with  a  pint  measure,  by  .'lid  of  which  they  discover  that  Alfred's 
pail  holds  half  a  p:allon  more  than  Edward's  and  a  gallon  more 
than  Herbert's  ;  but  before  the  precise  content  of  any  pail  is 
found  out  an  accident  happens  and  Mary's  measure  is  broken. 
They  are  now  however  in  a  position  to  ascertain  the  quantity 
of  water  in  the  well ;  for  they  find  that  it  fills  each  pail  an  exact 
number  of  times  ;  and  that  the  number  of  times  it  fills  Edward's 
is  greater  by  eight  than  the  number  of  times  it  fills  Alfred's. 
and  less  by  forty  than  the  number  of  times  it  fills  Herbert's. 
How  much  water  was  there  in  the  well? — Caml)ri(I<je.  England. 

Solution.  Let  .r  =  number  of  quarts  in  Herbert's  pail, 
therefore  x  +  2  and  .r +  4  are  the  mimber  of  quarts  in  the  pails  of 
Edward  and  Alfred  :  and  let  ?/  =  number  in  the  well.  From  the 
data  given  we  have  therefore  the  equations 

_^=_^+8  =  l/-40. 
a?  +  2     cr  +  4  x 

"Whence  1y- =8  ;  and iM. =40. 

(jc  +  2)  (.r  +  4)        '  x{x  +  2) 

^  -4-  4      - 
And  from  these  two  we  get  =5,  or  x  =  \. 

X 

Also  ?/  =  4(.r  +  2)  (./•-f4)  =  60  quarts,  or  15  gallons. 

(54)  Each  of  three  cubical  vessels,  ^4,  B,  C,  whose  capacities 
are  as  1  :  8  :  27,  respectiveh'.  is  partially  filled  with  water,  the 
quantities  of  water  in  them  being  as  1:2:3,  respectively.  So 
much  water  is  now  poured  from  ,4  into  B.  and  and  so  much  from 
B  into  C.  as  to  make  the  depth  of  the  water  the  same  in  each 
vessel.  After  this,  128  f  cubic  feet  of  water  is  poured  from  (' 
into  jB,  and  then  so  much  from  B  into  A,  as  to  leave  the  depth 
of  water  in  A  twice  as  great  as  the  depth  of  water  in  B.  The 
quantity  of  water  in  .4  is  now  less  by  100  cubic  feet  than  it  was 
originally.  How  much  water  did  each  of  the  vessels  originally' 
contain  ?—  Cambridge.  England. 

Solution.  Let  6jc  =  total  number  of  cubic  feet  of  water 
in  the  three  vessels,  viz.  x  cubic  feet  in  A,  2x  in  B  and  ox  in  ('. 
Then  since  the  volumes  of  the  cubes  are  as  1  :  8  :  27.  their  sides 
are  as  1  :  2  :  3,  and  their  square  bases  as  1:4:9.  Hence  when 
all  are  filled  to  the  same  height,  the  number  of  cubic  feet  in  each 
will  be  as  1  :  4  :  9  ;  and  each  vessel  will  contain 

<i.r    .      3:c     „   12.T     ^   27.r 


.1.  _,  i.e.  —'  B.    _":  C. 


14  7   '  7  '     7 
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We  also  see  that  when  the  depth  of  water  in  A  is  twice  the  dei>tli 
ill  B.  the  number  of  cubic  feet  in  each  will  be  as  2  :  4  or  as  1:2. 
But  ^1  contains  ,r— 100,   hence  B  contains  2Cr  — 100);    and  I  y 

the  question  C  contains  ~ —  -  128 f  :   and  the  sum  of  these  must 

7 

be  Gx.     Thus  we  get  the  equation  3(x'  -  100)  +l/5  -  12Sj  ^Gx  : 

and  from  this  ji;  =  r)00,  2u:;=lC00,  3a;  =  1500  cubic  feet,  which 
are  the  original  quantities,  as  ma}'  easily  be  verified. 

(55)  A  fj-audulent  merchant  uses  his  false  balance  both  iji 
buying  and  selling  a  certain  article,  thereby  gaining  11%  more 
on  his  outlay  than  he  would  gain  were  the  balance  true.  If. 
however,  the  scale-pans  in  which  the  article  is  weiglicd  A^'hen 
Ijought  and  sold  respectively',  were  interchanged,  he  Avould 
neither  gain  nor  lose  by  the  transaction.  Find  the  legitimate 
gain  per  cent,  on  the  article.  —  Cambridge.  England. 

Solution.    Let  zr  =  apparent  weight  in  pounds  of  article  when 
bought. 
Let  ?r  1  =  aj)pareiit  weight    in    pounds    of    article 

when  sold. 
Let  c  =  cost  price  of  one  pound  of  the  article. 
Let  x  =  legitimate  gain  per  cent,  on  the  cost  price. 

Then  an  article  which  cost  cw  is  sold  for  icAc+         ]. 

Therefore  we  have  fcJc+    '     )-c/6"  =  ^^ — — — ^—   .     .    fl  » 

V        100^'  100 

Secondly,  cost  of  article  =  c?ri  ;  and  it  sells  for 

civil  +  —    ),  and  therefore  car,  =czr(l+        )  .   .   (~) 
V       100^  ^       100/         ^ 

From  ( 1 )  we  get  on  dividing  through  by  c  and  transposing  -  w, 

V       100^         V         100   /  ? 

and  from  (2)  ?r(l -f  '^    )  =  ?t\.       Multiph'    these    two    and 
^  '      ^        100^ 

divide  through  bv  ww , ,  and  ( 1  -I-  —-  )    =  1  + ' — -  ' 

^       "  \       lOO^'  100     ' 

expanding  and  transposing 

.x-  +  100.r-1100  =  0  =  (.r-10)  (x  +  UO). 

Hence  .r  -  10  ^  0.  or  else  .r  +  110  =  0,  since  the  product  =  0. 

.".  .T-  10.  or   -  110.     Tho  former  root  is  the  pr(»per  answer,  10%. 


TV  Pi:    MJLLTIONS.  *M 

(oiy)  Simplifv ^^ ,  +t\vo  similar  frai-tious. 

SOLUTiox.    1  St  fraction  =  (a  -  'lb  +  c)  -i-  \ti  +  6  +  c ;. 

.-.  2ncl       '  •       =  (^  -  2c  +  rt )  "^  ('^  +  <^  +  ^' ) •  '-*>'  •^>' " "  "t-t r\- 


(57 »   Solve  the  equation.s 
h  4-  r      r  —  n 

r  4-  a     a  —  b 

+  ~ =r-|-(/. 

b-v  a-b 

Solution.   Adding  up  the  eiiuations  a.s  the\'  stand,  we  get 

r>-  —  <•'  (■-  -  (I-  a-  -/>" 

-2//  +    2c  4-    'la. 

From  this  it  is  plain  that  each  of  the  fractions  must=  1  ; 
i.f.  .t'  —  b-  -  (•-  :   y  —  c'  —  (I'  :  z  =  (r  —b-.  which  is  easily  veritiod. 

( .'»S ,  Prove  that 

a  —  b       b  -c       <•  —  a  _  a  -b       b-  v       r  -  a 
\-\-ab     1  -\-bi-     \  ^-ra     \  +ah'  \  -\- be  '  1  4- en' 

Solution.   Add  the  1st  and  the  2nd  and  get 

a-b   ,   b-c       (a-c){\+b')     ,    ^1  ■       ^n  .,      .^   1 

4- ~ -'-   to  this  add  the  ord. 

14-^,/,     \+hc     (l+ab)n+bc) 

thus.    (^-.n»     ±    - l±^ 1- 

=  K-  -  rt )  J  *  --  -'' *  •  l+bc)-{l-\-b-)(l-\-ca)  { 
((l4-ca)  (H-rt6)(l4-&c)  J 

I    l+bc  +  ab  +  ab'c-l—ca-b'--ab-c\ 
—  (c -a)  < — > 

■\{l  +  ab){      "        H     "     >  ■' 

.      ia-b)ib-c){c-a) 


(1  4(7/))  n  -{-be)  (1  4-^^7  1 
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(o9)  If — ^  =  ''--—  = — —  ,  prove  that 

^     ^       3a-b     2>h-c     'dc  -  a 


x-\-y  +  z    _     a+b  +  c 


ax  +  by  +  cz     a^+6-+c^ 

— Matriculation.  Toronto  University. 

Solution.     Let  the  three  equal  fractions  =  ?>?.  and  we  get 

x-\-y  =  in{?>a  -b)  "j 

y-\-z  =m (ob  -  c)    - ,  whence  x  +  y-\-z  =  m {a  +  b  +  c').  .(\ ) 
(  z  +  x  -=m{P}C-a)  \ 
A.lso,  \x-z=m {da  -Ab  +  c) 

.•     Cx        =m{a--b  +  -c)\    i^y  gynmietrv,  changing  «  into 
and      y        =,»ft-2c  +  2a  ,1  etc. 

yz        =ni{c-2a  +  2b)  J 

.'.    rax     -Hf: -If +  ^^^^],^},ence  ax  +  by  +  cz 

\  cz      =m{c~ -2ac  +  2bcJ  ^  ^      \  J 

A     1  /ix  .  ^^,^     •  x  +  y  +  z  a+b  +  c 

And  (1)-^  (2)  gives  '^  - 


ax  +  by  +  cz     a'+b-+c- 

(60)  If ^—  = '^ =  — ^ prove  that 

b+c-a     c+a-b     a+b+c 

(a  +  b  +  c)  {xy  +  yz  +  zx)  =  {x  +  y  +  z)  (ax  +  by  +  cz) . 

Solution.   Let  each  fraction  =  ?».  and  we  get 

:£^m{b  +  c  —  a) 
y  =  m{c  +  a  -b) 
z  —  m{a  +  b-c),v;\\Q\-iQ.e,x  +  y  +  z  =  ')n{a+b  +  c)  ...    (1) 

Also,   xy  =  m {by  +  cy  -  ay) 
yz  =  m  {cz  +  az-  bz) 
zx  =  m  {ax  +  bx  -  ex) 
And  zx  =  m  {bz  +  cz  -  az) 
xy  =  m(cx  +  ax  -  bx) 
yz  =  7?? {ay  +  by  -  cy).  v/hence  xy  +  yz  +  zx 

--=  m{ax  +  by+rz)  .    .    .    .   ( 2 \ 

,1     .  /o\     •  x  +  y  +  z  a  +  b  +  i- 

{\)  +  r2    gives  ^ ; 

xy  +  yz  +  zx    ax  +  by  +  cz 

i. r.  (a  +b  +  c)  {xy  +  y::  +  z.t^')  -=  (.r  +  y  +  z\  ( «/.r  +  by  +  rz). 


TVPK    >nl.LTl<>.\>.. 


9!' 


ai 


2/j+c     2<'+''      i?rr+/y 

—  Matriculatlnu.    Toronto  Univorsity.  1S76.  and  S*(ond  f'Jass. 
18S6. 

Solution.  '2y  -z  =  n([2b  +  c) 
2z-x^  7n{2c  +  a) 
2x-i/^nt{2a-\-h),   :.  x+ i/  +  z  =  nHa +  h  +  r):)  ..    1) 

Also,  2Gy-loz  =  n({-2h  +  c)\o 
o\z-  llx  =  n>{2c  +  a)n 
2Ax-l2y^)n(2a  +  b)\2, 

.-.  ~y.c  +  2i/  +  oz)  =  m{Ala  +  oi:h+[lri  .    .    .  (_', 

Multiply  these  results  (1)  and  (2)  and  striking  out  rn  Ave  havt- 
the  relation  required. 
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EXAMINATION    PAPERS. 


No-  1. 

(1)  If  a  =  'd^  />  =  4.  (=27.  find  the  value  of 

(2)  Simplifv  the  expression 

he  -  fir/  -   1  :](27>  -  c)  +  4(a  -  21))  -  6(2a  -  c) }. 

CJi  Prove  tlie  formnhi  a^  x  «"  =(77"+/^ 

i4)  Multiply  .T"  -  x-y  ~  22/'  by  a:;^  +x-y     2y^'. 

(.">)  Find  a  number  such  that  when  it  is  divided  ii.ro  4  Mid 
into  '»  equal  parts,  the  continued  product  of  the  former  slinll 
equal  !~*l  times  the  continued  product  of  the  latter. 

(('))  Two  trucks  whose  wheels  are  of  different  sizes  are  in 
morion  :  one  makes  2.002  revolutions  more  than  the  other  in  7 
miles,  whereas  if  its  wheels  had  been  twice  as  large  in  circum- 
ference, it  would  have  made  770  less  than  the  other.  Find  tin- 
circumference  of  the  Avheels. 


No.  2. 

( 1 )  Simplify  la     4h      \  ha  -  3 [&  -  2 {a     />) ] | . 

(2)  If  X- -  ax  \  is  exactly  divisible  by  0^-2,  what  is  rlie 
value  of  a  ^ 

('])  If  X-  -{-a-r  +  b.  and  x-  +cx  +  d  have  a  common  measure  of 
the  form  r  +  f\  show  that  e  —  (h  —  <J)  f  (a  -  r). 

(4)  Jl  a-\-h-{-r  =  0.  show  that  a^  +h^  +c*  ^2(ab  +  hc  +  i;i  ^- . 

(o)  (cc  +  2)  {x-2){x  +  S)  =  x{x  -3)  (x  +  W),  find  .t. 

N.  B.   (5.r  -  4)  (X  -  8)  -  0.   . .  either  hx  -4=0.  or  j?  -  S  ^  0. 

(fi)  A  and  B  can  do  a  piece  of  work  in  m  daj's  ;  A  works  ;; 
days  alone,  wlien  B  joins  him,  and  botli  togetlier  finish  the  work 
in  />  days  inorr-.      How  lomr  woiihl  earh  require  to  do  it  singly  "' 
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No.  3. 
( Ij  Multiply  1  -u;-  -f  x*  -x"  V>y  1  +./•-. 

(2)  Find  the  value  of  Jcrh^  +  fa^l)-^  +(t-y  fr 

wlien  (i  =  b,  b  =  25. 

(3)  Find  the  H.  C.  F.  of  .7j^  +7./;-  +(mj-  -o2x-32 

and  .t'= +9a'4-20. 

(4)  Find  the  L.  C.  M.  of  x-  -if.  .>■'  -^.cij-^y-. 

and  x'-  -\-Sxy  +  2y-. 

(5)  AVliat  is  the  condition  that  x'+pj:  +  (^  may  be  exactly 
divisible  by  x  -  r  ^ 

[ii)  IG  -  4a;  +  Sx--=  ox  +  14,  tind  x. 

(7)  The  breadth  of  an  obloni;  space  is  four  yards  less  than  its 
length  ;  the  area  of  the  space  is  252  yards.  Find  the  length  of 
its  sides. 

(8)  A  S'iuare  field  contains  1  acre  2  roods  27  perches  2o| 
square  yards.  An  oblong  field  contains  <3.40O  square  j'ards,  and 
has  one  side  as  mtich  longer  than  the  side  of  the  square  field  as 
the  other  side  is  shorter  than  it.  Find,  the  length  and  breadth 
of  tlie  oblong; 

No.  4. 

(1)  Express  algebraically: — The  fourth  power  of  the  sum  uf 
two  numbers,  a  and  Ik  together  Avith  twice  the  product  of  tlic'r 
squares,  is  equal  to  the  sum  of  their  fourth  powers  together  witii 
four  times  the  product  of  their  product  and  the  square,  of  tlirii- 
sum.     Verify  your  statement  when  a  =  2.  ^  =  3. 

(2)  Subtract  {x  +  y)  (3a  -  26)  from  {x  +  y)  (3(f  +  26). 

(3)  Divide  x'  -\-y-  +  \-  2y  +  2x  -  2xy  by  x  -  //  +  1 . 


(4)  Simplify   (0.4-2+  ^-±-J  /  (^  — > 
-l7(x-t^)  =  12(5..-'+^). 


(oi 


x  +  2        6 


N,R.J.T=10)(7.T+11)  =  0:    .-.^.r-lO^O,  or fel^' 7.-^  +  11  =0. 
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(7)  Prove  that  the  difference  between  the  sum  of  any  two 
numbers  and  the  sum  of  their  cubes  is  divisible  by  three  times 
their  product. 

STo.  5. 

(1)  Factorise  in  simplest  forms  ,r *  -  1  ;  x'  —  x-1'2. 

(2)  Show  that  {a -hV  -Sah(b- a)  -  a""  +b^  =0. 


r-  12  .   X  ~o 


(3)  -'~:+ "-  ^^oA 


jc  -  5      X  -  1 2 

N. B.  (-20:  -  59)  (2x  +  25)  =0      . .  2.r  -  59  =  0,  or  2x  4  25  ^0. 

(4)  A  purse  contained  only  thrrepenn}'  iind  foivi'ppnny  pieces, 
and  the  value  is  £2  10s.  Id. ;  bat  if  the  number?  of  ^be  coins 
were  interchanged,  ^.he,  value  would  then  be  £2  3i^  liL  Find 
th'i  number  of  coins  qI  each  50j.'t, 

(5)  Divide  "a:^  -^  by  0:4-4-^ 

(6)  Factor  cc^-  —  y^',  x^  -  3x-  -^ox-l ;  and  x'  4- Sac  - 105. 

(7)  A  train  200  yavds  loijg  passes  another  traii;  240  yards 
long,  running;  in  the  opposite  direction  on  a  paralle]  track,  in  12 
seconds.  If  the  first  train  had  been  overtaking  th^  other  it 
would  have  taken  one  minute  to  be  entirely  clear  of  t]jg  Second 
train.     Find  the  rate  of  each  train  per  hour. 

.-xN       2x      ,  68-.,  Sir     o 

^  ^  51^2x         X 

KB.   (x-11)  (Ix  -  102)  =  0.     An  equation  like  thi?  which 
gives  two  valuej>  for  x  is  called  a  (Quadratic  Equation. 

(o)  Show  that  when  a  ijj  Jess  thaii  />.  the  fraction  -    is  loss 

6 

than  ' ,  "but  greater  than     ~-  . 

b+V  b^l 

is.B.  Let-i=cc;  .•   a^ox;    .'.      -^  =X'^^~  .etc. 
6  b+i  b^l 

(4)  Simplify 

;^ioa>(4?/«5c||-3[4a-(5Zrw2c)]4-l{5a-3<^<«»it;)l. 
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(;))  Find  the  value  of  •^.  '._•/_  — .    •'', 

Ix'  +  1  Oxy  +  3?/-     oox' 

when  X  =  o,  ?/  —  '^>. 


o- 


.'•  +  •>    .   oX 


i^}']  Solvt'.  tlie  piination  -^ —  -'  +  —  =^0. 

^.'  +  4      ;;       11 

(7)  A  and  B  have  two  guineas  between  tliem  ;  and  if  ,1  gives 
to  B  one  shilling  for  every  penny  B  has,  .1  will  then  have  tt;n 
shillings  less  than  B  now  has.      How  much  money  has  each '? 

X  P).   One  guinea  =  2ks-. ;  B  gives  nothing  to  .1. 


No.  "7. 

(1)  Divide  ha^  +  la-x--2x'^  by  Aa  +  .r. 

(2)  Find  the  H.  C.  F.  of 

x^y  +  ^x-y-  +2xy^  +y*  and  bx^  +  10x*y  +  bx^y^. 

(3)  Simplify   J_  -  ^ -  — ^Jl?-_  . 

x-1     2(5C  +  1)     2(.x-  +  lj 

C4)  i(3x-l)  +  i(G-xO~-M2aj-4)  =  2-/,u^  +  2). 

(5)  i(cc  +  32/)+V2(3a:  +  2/)  =  in 

x-\-y  =  S{y-x)  /,  find  x  and  ?/. 

Q^c  —  3     1     ^x  —  1 
(o)  Solve  the  equation  " -  +  " =  0. 

(7)  A  grocer  bought  224  pounds  of  sugar  at  the  rate  of  2b.s. 
for  112  pounds.  The  sugar  having  been  damaged,  he  sold  part 
of  it  at  2d.  per  pound  and  the  rest  at  2.\J.  He  lost  12^,  ■  '  on  the 
whole  transaction.     How  much  did  he  sell  at  each  price  ? 


No.  8. 

(1)  Simplify   -'''~^\^-h{a-'db-(3h-a)]. 

(2)  Determine  the  numerical  values  of  c  and  d  so  that  in  tlie 
product  of  X-+X  +  1  and  x'-^  +  cx' +  dx  +  e  the  coefficients  of 
X*  and  X'  may  vanish. 

(3)  Show  that  the  L.  C.  ^I.  of  two  quantities  equals  their  \n(  - 
duct  divided  bv  their  H.  C.  F. 
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(4)  Find  the  H.  C.  F.  and  the  L.  C.  M.  of 

Qa^  -bcrx-(^ax- :  4a^x -\2a^x-  +9ax''^ :   and 
Qa'x-  ISax-  +'ox'''. 

(5)  Simplify  3^zi¥_4x-5^_^  1^^ 

Ax  +  by     bx  +  Gy    20 

(6)  Solve  1^   +^i:i  =  8. 

x-2     x—b 

(7)  The  debt  on  a  new  school  was  paid  off  by  three  generous 
friends  of  Education.  A  paid  half  the  debt  and  $2  more  ;  B  paid 
half  the  remainder  and  ST  more  ;  C  paid  half  the  remainder  and 
S8  more.     How  much  did  each  pay  ? 


No,  9. 

(1)  Show  that  the  L.  C.  M.  of  two  algebraical  expressions  is 
their  product  divided  by  their  H.  C.  F. 

(2)  Prove  that  _  x  -  =  ' —  where  the  letters  denote  anv 

b     d     bd 

numbers  whatever. 

N.B.   Let  -  =  cc,  -  =  ?/.    .'.  a  =  bx,  etc. 
b  d     • 

(3)  Solve  the  equation  -^'^  ^  -  :^Z_^  +  —  =  n. 
^  2fi  39       13 

(4)  lice ^92/ -18;  lSx-Sy  =  lS,  find  cc  and  ^. 

(5)  Divide  2cc*  +12x^  +26,r=  +24cc  +  8  by  x-  +3£c  +  2. 

(6)  Solve— 1_  +  -=  —  . 

9-2cc     5     3-cc 

(7)  In  a  factory  there  are  62  workmen^  and  the  total  amon'nt 
of  their  weekly  wages  is  £74  6.9.  A  certain  number  of  them 
receive  40^.  a  week,  twice  as  many  receive  2ds.  Qd.  a  week,  and 
the  rest  17.9.  a  week.  Find  the  number  receiving  each  rate  of 
wages. 


No.  10. 

(1)  Express  21a= -40.T- 21  ;   143x- +8x'- 16  ;  and 
x^  -  2x-  +2.^-1  in  the  form  of  factors. 
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(2)  Prove  that  --^a^—.       X.B.    Let  -  ^  j:  --7.  .-i.-. 
^  ^  b     d      be  b  d     ' 

(3)  Simplify  ^'"''"  ^  '^■^" 


(jc  -  2) 2  {x-  +  1  j     5(.x'  -  2)     b{x-  + 1 1 

(4)  i(jc  +  10)-4^_ '^  =  J(x-2)- (.r-1).  find  .t. 

4 

(5)  \{^x+\)-h{2x-y)  =  l{2y-x)\^ 

^(4a:  -  2)  -  ^(4z/  -  bx)  =  H*^'  +  2/)  J  ?  ^"^^  ^  ^i^*^^  //• 

(6)  How  much  silver  must  Tadd  to  2  pounds  (1  ounces  of  an 
alloy  of  silver  and  gold  containing  91  -7  per  cent,  of  piu-e  gold,  so 
that  the  resulting  mixture  may  contain  84  per  cent,  of  gold"/ 

(7)  A  can  do  half  as  mucli  work  as  B.  and  B  can  do  lialf  as 
much  as  C  ;  how  long  would  each  separately  rotiuire  to  do  :i 
piece  of  work  that  the}'  can  together  complete  in  24  days? 


No.  11. 

( 1 )  Simplify  «  -  [26  +  { 3c  -  3a  -  Ui  +  b)  |  +  { 2a  -  (6  +  c j  ;•  ],  using 
only  three  lines  in  the  solution. 

(2)  Factor  x'  - y-  ■\- z'  —  a-  -2xz  +  2ay. 

(3)  Find  the  H  C.  F.  of  5x=(12jc^ +4j^= +17r.--3) 

and  10x(24a;3  -  52^2  +  14a;  -  1). 

3  7  4  _  OQ  r 

(4)  Simplify   ■ ^I— 1 . 

•  ^  l-2x     l  +  2x     4x-  -1 

(5)  Find  the  values  of  x.  y  and  z  from  the  equations 

10cc+15z/-242:  =  41  ;   15x- 12^  +  1<;2  =  10  ; 
and  iSx  -  \Ay  -~z=  -  13. 

(6)  Show  that  three  globes  or  spheres  whose  diameters  are  3 
inches,  4  inches,  and  5  inches,  respectively,  contain  together  the 
same  volume  as  a  globe  G  inches  in  diameter. 

N.B.   Cubes,  spheres  and  other  regular  solids  have  their 
volumes  proportional  to  the  cubes  of  their  like  dimensions. 

(7)  A  train  runs  1  hour  and  then  stops  15  minutes  to  repair  a 
break  in  the  engine.  Afterwards  it  runs  at  2  its  former  rate, 
and  arrives  24  mintites  late.  If  the  break  had  happened  5  miles 
farther  on,  the  train  would  have  been  only  21  minutes  late. 
Find  the  nsual  speed  of  the  train  in  miles  per  hour. 


I\ 
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No.  12. 
(1)  Divide  a^-b''  by  cr +2a-b  +  2ab- +b\ 
{'2)  Divide  x*  +x^  +bx-  4x-  -  3  b^'  x-  -  2x  -  '•>. 
\  ;>  I  Resolve  x^^  -  y^^  into  five  factors. 

(■J)  From  subtract 


a  - X  a'  —x' 


(;j)  Miiltiph^  together ,    ^^ ,  and  1  + 


1  +  2/ '    x  +  x-  1  -£C 

( !>)  (•«  + 1)  (^  -  3)  + 1  =  (.^  +  5)  (X  -  3)  ;  find  cc. 

iTj  Two  passengers  have  together  400  pounds  of  baggage. 
One  paj's  $1.20  and  the  other  SI. 80  for  excess  above  the  weight 
allowed  to  go  free.  If  all  the  baggage  had  belonged  to  one  per- 
son he  would  have  to  pay  $-4.50.  How  many  pounds  of  baggage 
is  allowed  free  with  each  ticket  ? 

(8)  If  -=_.  prove  that = — —  ; 

b     d  a-b     c - d 

,       ,     .  3a3+464     3c3+4^* 

prove  also  that = . 

2a- -36='     2c--3<7^ 


No.  13. 
Combined  Examination — Toronto  Public  Schools. 

(1)  Simplify  Ibx- [4 -[o -bx-  {3x - 7)]|. 

(2)  Multiply-  X-  +2ax  +  oa-  by  x-  -2ax-{-a-. 

(3)  From       ^'^^    ,  take      "^  ~ '"^ 


1+X  +  X'  l-x  +  x- 

(4)  DiYideSx' +Aabx- -Ga-b-x- 4a -b^  hy2ah^x. 

(5)  ^x  +  ^x  =  x-l.     Find  the  value  of  jc. 

(G)  A  can  correct  70  pages  for  the  press  in  1\  hours,  B  can 
correct  150  images  in  2^  hours  ;  how  long  will  they  be  in  correct- 
ing 425  pages  jointly  ? 
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(7)  (-^  +  ''^-!:  +  1=^  +  1.     Find  ,r. 

(8)  x--\2x=  -35.     Fina.r. 

(9)  Find  tlie  value  of 


when  a  =  0,  6  =  2,  c  =  4.  and  (1  =  6. 

(10)  Find  the  product  oi  a  —  b  b}'  a  +h. 

(11)  Find  tlie  difference  between  x  -  oy  +  Az  and  x  +  2y-  C^z. 

(12)  Divide  x'  +  y*  - z* +2x'ij-  -2z-  -  1  l)y  .r-  f ,?/"  -s-  -  1. 

(13)  Find  the  value  of  x  in  the  equation  Ax  +  d  =  Sx  -  3. 

No.  14. 
Provincial  Model  School,    Toronto. 

(1)  Write  in  words  the  meaning  of  the  expression  [ahc  -f  xy") ' . 

(2)  Add  together  om-\-on-\-p^   o{in  •{■  n-{- p)  and  i^p-^'.\n-^ .u. 

and  obtain  the  numerical  result  when  ;>  =  _  = 1  =  1. 

10     100 

(3)  Add  together  {a-{-b)x-^{a-\-c)y,  {b  +  r)y, 

and  {c  —  a)x  +  {b-a)y. 

(4)  Prove  that  c  -(a-b)  =  c-a  +  b. 

(5)  Simplify   lG-|^-x--i(3-^)|. 

(0)  Prove  that  a*  x  a^  =a'.  and  multiply 

x^  +2.c^^  +  4a:-?/-  +'':^.r//'^  +  1'!?/'  by  x-2y. 

(7)  Prove  that  a- -^a-  =«',  an<l  divide 

{x''^  -  9jc- ?/ 4- Toxy-  -  15?/'^ )  ( .r  -  7//)  Iw  xr  -  Sxy  +  7//  . 

(8)  Resolve  the  following  exiircssions  into  factors:  — 

H\x'  -1,  (i.c  +  oy)-  -^(Dx  +  Ayr,  12.i;- -  14i'  +  2. 

(9)  Solve  the  following  equations  :  — 

(i)  13.r-21(a;-3)  =  10-21(3-.7V 
(ii)  (2  +  x)  (rt-3)=  -4-2rtx. 

(10)  A  and  B  play  together  for  $5  ;    if  ^1  win,   he  will  have 
thrice  as  much  as  B,  but  if  he  lose  he  will  have  only  twice  r.^ 

much.     What  has  oaclj  at  fii'sL  ? 
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(11)  Reduce  to  its  lowest  terms 

y^  -  {2a  +  b)y-  +  {2ah-\-a'-)y  -  crb 
i^y"'  -{Aa  +  2b)y-\r2ab  +  x- 

(12)  Find  the  L.C.M.  of  4:{a^-ab-),  12{ab-  +b^),  S{a^-a-b). 

(13)  Prove  that  -x-^^. 

b     d     bd 

(1-1)  Explain  fully  the  method  of  solving  a  quadratic  equation. 

and  solve  — '^—  —   '  — ~  =  2. 
5C4-4     2.r-3 

(15)  xy  =  x  +  y      \ 

xz  =  2(.x  +  z)  V 
yz  =3(2/  +  s)J 


No.  15. 

Fifth  Class,   South  Essex,  1881. 

(T)  Represent  the  sum  of 

1  1  1 

x{x  -  2/)  (x  -  2)'    y{y  -z){y-  x)'    z{z  -  .r)  (s  -  yi 

(2)  Simplify  the  expression  ^    +  — — -^ , 

c  +  ^'d     c  -  s'd 

(3)  Investigate  a  rule  for  finding  L.  C.  ?»I.  of  two  algehmi*- 
expressions. 

(4)  If  l  +  i  =  i,  show  that 

b     c     a 

(a  +  b-cy-{-2{b  +  c-ay  +  {c  +  a-by=2{b  +  cy. 

(5)  Prove  the  equation  «'"  xa"  =a"'+"  is  true  when  m  and  ?? 
are  integral  and  positive. 

(6)  Factor  a-^'^  -  3rt»'c"  +  2c2«- 

(7)  Solve  4_x  +  7     4x  +  9^4x  +  G^4x  +  10 
^  ^  4x4-5     4x4-7     4x-f4      4x4-8 

(8)  The  sum  of  the  digits  of  a  number  is  9  ;  if  the  digits  be 
inverted  the  difference  between  the  two  numbers  is  0.  find  the 
number,  the  right  hand  digit  being  the  greater.  -^ 
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No.  16. 

Universitt/  of  Toronto — Paas   Malricufatio/i,   1S81. 

(5)  Multipl\-  h-  +  [a  -b)  {b-  c)  by  c-  +  (b -  c)  (c  -  a). 

Show  that  30ur  answer  is  correct  by  substituting  a  =  2,  6»=0. 


(G)  Simplify      (i)      "^'^  ^ 


(ii) 


a-'b-c~' 


X- -x~-         X- -\-l 


(7)  Resolve  into  factors 

a' -b- ,  ((b  +  bc  +  ca+b'-. 

a{b  4-  c)  -  +  b{c  +  a)  -  +  c(«  +  b)  -  -  Aabc. 

{a  +  bV  -  25^'~^Vc(a-  -b-)-1ab-. 
a-b 

Find  tlie  Greatest  Common  Measure,  and  the  Least  Common 
Multiple  of  these y'lOM?'  quantities. 

(8)  Solve  the  equations 

(i)  ax  +  b  =  bx  +  a. 

(ii) I +      '  ' 


(iii) 


X-  +''jx  +  2     X'  +  or-J-'i     .'•-4-.r-2 


V  2.r  - ; 


2.r  -  3  ?/  =:  2aci/. 


(9)  There  are  two  vessels,  .4  and  B,  each  containing  a  mixture 
of  water  and  wine.  .1  in  the  rotio  of  2:3.  B  in  the  ratio  of  3:7. 
What  quantity  must  be  taken  from  each  in  order  to  form  a 
third  mixture  which  shall  contain  5  gallons  of  water  and  11  of 
wine  ? 

No.  17. 

University  of  Toronto — Matriculatioyx,  1883. 

(1)  Find  the  product  of  {n-^b\.  (a'  -k-ab-\-b''-).  {a-b),  and 
{a-  -(ib-\-b"-). 
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(2)  If  a  and  h  are  positive  integers,  show  that 

'r»(2   V    'yb    —  'r'0,-\-h 

(3)  Prove  the  rule  for  finding  the  G.C.M.  of  two  quantities. 

Find  the  G.C.M.  of  ^x''  -\-lbx'y-^x^z^  -\Qx-yz- 
and  dx^y-21x'yz-6xyz-  +lSyz^. 

(4)  State  the  rule  for  extracting  the   square  root  of  a  com- 
pound quantity. 

(5)  Solve  the  following  equations 

(i)  3x  +  2  =  ll,  2?/  +  32  =  16,  bx  +  iy  =  Sb. 

(u)  -__=c. 

x-a     x-0 

(•  "\   X       Co       o    .   ^ 
111)  _+  _  =  2-f_. 

ax  X 


ITo.  IS. 
McGill  University,  Montreal — School  Examination. 

(1)  Multiply  l  +  2x-ac-  -\x^  hy  itself,  and  find  the  value  of 
the  result  if  1  -  2a:  =  3, 

(2)  Find  the  remainder  when  a^  -  ^a^h'  -  Sa-6^  -  Xlah^  -  \hh'^ 
iis  divided  by  a-  —  2ab  -  olr. 

(3)  Simplify  §.r(x  +  l){.r'  +  2-i(2x-l-l)!;   ^^^IzAVl. 

2a?  + 1       2 

(4)  Reduce  the  following  fractions  to  their  lowest  terms  : 
a-cc  +  a^  ,  {x'^  -  a^)  {x  -  a)         .  1  +  x" 


ax'-a^      {x'  -{-a-  -^ax)  (ax-k-x-)      l  +  2x  +  2.r- +a:j' 

(5)  Find  the  square  root  of 

x'+2x^^x+l  and  of  4.r--4.r  +  l 
4  9jc2+6x  +  1 

(6)  Solve  the  equations 

(i)   2x-^=18;  (ii)  (??i  +  7?)  (»i-x)  =  ;?z(« -a:)  ; 

(iii)  2a:-?/ 7^ ^4;  Stz  +  ^r^^^a. 
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ITO.    19. 
College  of  Ottawa,   Out. — Matriculation  Examination. 

(1)  Clear   away  ihe   parentheses,   and    reduce   the    foUowinj? 
expression  : 

n-\-b-{2a-  2>h)  -  4(5^  +  lb)  -  ( -  13(7  +  26)  +  3 { a  -  i\{h  -  a)  [ . 

(2)  Give    the    three    formulas    for  the  expansion  of    (a+h)'. 
id  —h)'.  and  (a +  6)  [a  -b),  and  give  an  example  of  oadi  formula. 

(3)  Divide  5x  -  3  -  4x-  +x*  +x^  by  -  3  -f- j?-  -  2./-. 

(4)  Find  the  G.C.D.  and  the  L.C.M.  of  th.-  thjee  following 
expressions 

(2x-4)  (3x-6);  (cc  -  3)  (4:c  -  8) ;  {2x-Q)  (bx -10). 


(5)  SimplifN' 


(G)  Solve  the  e  luations 

2x  +  4//-3.i  =  22;  4x-2y-\-bz  =  lS  ]  bx  +  ly-z  =  Q3. 

(7)  Extract  the  square  root  of 

Iba'b'  +  a''  -  da'b  -  20a'b^  +b' +  Iba-b*  -  6ab\ 

(8)  Convert  i^|  into  such  an  expression,   not  a  decimal,  as 
shall   not  necessitate  two  extractions  in  finding  the  cube  root 

o:  I 

(9)  Solve  the  following  equation,  hx-  -3.^  +  20^  =  425. 

(10)  The  hypotenuse  of  aright-angled  triangle  is  20  feet  and 
the  area  of  the  triangle  is  9G  square  feet.  Find  the  length  of 
tlic  legs. 


No.  20. 

University   of  Oxford,    Engl  and — Local    Examination, 
Junior  Candidates. 
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(1)  Find  the  value  of ^ l  +  ^'2a--^-, 

4c(a  +  6)  \  c 

when  rt  =  l,  6  =  0,  c=  -i. 
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(2)  Multiply  X*  -  «x"  +(C^JL-  ~  a*  hy  j--  +rtx'  +  </-  ; 

also  divide  7:)^  -9p</^  +1'^^'  by  p-  -^pq  +  '6q'- . 

(3 )  Simplify  '^^  ( --^±1  -  -J!—  )  (  -5„  -  ^±1' ) : 

^      //         'Ix-^-y'  ^x  +  y        X 


c/'  +  l       X-  -1     (x  -  y)- 

(4)  Find  the  G.  C.  ^I.   of  j:'"-6x-4:  and  3x-"-8x  +  8;    also 
the  L.  CM.  of  (3a2-3r/6)2.   18(a^6--a&M,  and  24(a=*6-* -&«  •. 

(5)  Solve  the  equations 

....  3c  +  3^^;r  +  l     6/^  +  j^^_ii,.^4.5^. 
^    ^2/+4       22/4-7      ^        ~ 


No.  21. 

University   of  Oxford,    England — Local    Examination, 
Junior  Candidates. 

(1)  Find  the  value  oi  a^  +b'-^  -  c^  +'Sahc  : 

Avhen  a  =  h,  b  =  ^,  <-"  =  3- 

(2)  Multiplj^   together   x-  -Ix  +  Q.   x-  +1x-l>i,   x^-l.   and 
express  the  result  in  simple  factors. 

(3)  Find  the  G.  C.  M.  of  2jc^  +7,c-  +10a^  +  o 

and  .T^+3x- +4.x'4-2. 
and  the  L.  C.  M.  of  Cixy-(x  +  y).  ox^ (x  -  y)- .  and  A[x-  -y-). 

(4)  Simplify  (i)  (  /+/-      -     -y^    +  i  )  (1  +  A  )  : 

^y{x- +y-)     x{x^+y-)     xy      y     x- 

(ii)(i-?<)^(-+.^). 

X 

X  ->i  O         ■rj         ■y'  J 

(5)  Solve  the  equations  (i)  - — -  + 1  =-  +  — —  : 

2  i!        4         o 

(ii)  dx--Sy  =  l,  12jr -  10//  =  1 . 

(6)  Into  a  cistern  one-third  full  of  water  31  gallons  are  poured, 
and  the  cistern  is  then  found  to  he  half  full  :    find  its  capacity. 
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No.  22. 


University    of    Oxford.     England — Local    Examination,     Senior 

Candidates. 
(1)  Prove  that 

(a-\-h)  {a-\-x)  ib^-j:)-a{b-\-xf -h(a-\-xy' =  {a'hyj:. 

.  i  1.  1.  2. 

and  divide  a'-  -  b'  by  a-  -  2ah''-  +2a-b  ~  b'-^. 

{2)  Resolve  into  component  factors 

{i)GSx''y-2Hxy^',  {ii)  a'  -a*b-ab'  +b\ 
Find  the  remainder  when  a"  +  b"  is  divided  by  a  -b. 

(3)  Find  the  G.  C.  M.  of 

X*  -6.K^  +  lox-  -12a? +  4  and  x*  -4a:^+8ae'-  -16ir  +  l»i. 
and  the  L.  C.  M.  of  x^  -  ?/^.  cc^  +y^,  x^  -xy^.  and 
x^y-\-xy-  +?/^ 

a;  +  2     X  + 1        2 


(4)  Simplify  the  fractions  (i) 


r  +  1     X  4-  2     ./_•  +  4 
1  1  1 


./•     ."^     X  a?'  4-1 

(i'))  Solve  the  equations 

(i)^{(2.x-32)-^.r+l<;)i=-,\K^'--^0)-(2a:-ll)}; 

(ii)  (.X  +  5)  (2/  +  7)  =  (x  +  1 )  iy  -9^  +  112,  2x-f  5  =  3?/ - 4  ; 

.-...s        x'-8     o 
( 111)  X =  2. 

x-4-5 

No.  23. 
Universifif  of  Oxford,  Enrj. — First  Exo  urination  of  Women. 

(\)  Find  the  A-alue  of  — —Z^    -   when  a  =  l.  b=  -h.  c  —  O. 

(2)  Take  «  +  26  +  3c  -  4d  -  be  from  3a  -Ab  +  c-<f  +  e. 

(iV)  Multiply  d"  -a-b  +  ab-  -b^'  by  a  +  b, 

and  divide  a*  +a-b-  +b*  by  </-  +ab  +  b-. 

(4)  Find  the  H.  C.  F.  of  a*  +5^-  -0  and  a*  4- 5a ^  +4,  and  the 
L.  C.  M.  of  12(a3  -6^),  15(^3  4-6'),  20a6(a2  -6^). 

/ex  CI-       ^•e      o-'  +4a  4-3 

(5)  Simphfy  ~ -. 

a^  -  a  -2 
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(G)  Extract  the  square  root  of  €t*  -2^^  +2a'  -a  +  ^. 

(7)  Solve  (i)  7(x-l)-6(£c-2)=3(cc-3); 

/v*  /yt  /y* 

V'  9     G     3 

(iii)  (cc-3)  (^-13)  =  (;r-4)  (x-9); 
(iv)  8x  +  32/  =  74,  9.r-2?/  =  51. 

(8)  I  have  in  my  purse  £1  13.9.  dd.  made  up  of  a  certain  num- 
ber of  pence,  twice  the  same  number  of  farthings,  and  thrice  the 
same  number  of  fourpenny  pieces.  Find  the  number  of  each 
coin. 

(9)  A  is  thrice  as  old  as  B.  Seven  years  ago  A  was  four  times 
as  old  as  B.     Find  their  ages  now. 

(10)  .4  and  B  play  at  cards.  A  wins  six  shillings,  and  finds 
lie  has  thrice  as  much  as  B.  The  game  is  continued  till  A  finds 
he  has  lost  twenty-four  shillings,  and  then  has  a  third  of  what 
B  has.     With  what  sum  did  each  begin  ? 

No.  2^. 
University  of  Oxford,  Eng.  — First  Examination  of  Women. 

(1)  Evaluate  (x - 2/)^ -f- (2/--)" +  (2 -a?)-, 

whencc  =  3|,  2/  =  2|,  z  =  14. 

(2)  From  the  sum  of  \{2x  - 3?/  + 4s)  and  -i\(4cc  +  3?/  -  lis) 

subtract  -2^(8^  -  ^2/  +  ^^)* 

(3)  Multiply  X-  +y^  +  a{x  -  y)  by  xy  -  a{x -\-y)-\-cr. 

(4)  Divide  x^  +^y^  -1252^  +oOxyz  by  x  +  2y-bz. 

(5)  Express  in  factors  (i)  Ix^  -llx-  182  : 

(ii)  20x^  -  QOx^ y  + 'ibx- y- . 

(6)  Find  the  G.  C.  M.  of  x-  +11j--1-30,  9jc=^ -|-53;r=  -  9x- 18. 

(7)  Find  the  L.  C.  M.  of 

lbx-{a-  -2ax  +  x-),  2la-{a'  +2ax  +  x-).    obax{a^  -x-). 

JL  +_i^-i 

(8)  Simplify  ^~^^     "^^*       .   and  find  the  value  of 

^^    --±-+1 
a-h     a -I) 

x+2 , x-2         4  ,  , 

-—  + when  x  =  }t. 

2-x    2+x    4-iC" 
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(9)  Solve  the  equations 

(i)  §(x-l)+3(^-9)-..r-13)  =  ll; 

1             1               *) 
(ii)_L+     ' :— =0; 

X  —  a     X  —  h     X  —  a  - h 

^     '^        7  8 

( 10)  The  sum  of  three  consecutive  whole  numbers  exceeds  rhft 
greatest  of  them  hy  19  ;   what  are  the  numbers? 

No.  25, 
University  of  Oxford .  En^j. — First  Examination  ofWoracn. 

(1)  Find  the  value  of  x{y -^  z)  ^i^  y[x,  ^  [y  ■\' z)'] -r- z\_y  ~  x{z -^  xy\ 

when  a:  =  3.  y  —  2^  z  =  l. 

(2)  Subtract  2a?^  -f  foo'  -x-^^  from  4-.x;"  -f  x'-  -  ^x  - 1. 

(3)  [Multiply  1  -H  2a:  +  3i(/  4-  4x'  -  Gxy  -+-  dy-  hy  I  -  2a;  --  3^. 

(4)  Divide  x^  -  ■^o^.r"  +  j;-  +  i-x  -  2  h^^  jc  -  ^s 

(5)  Resolve  into  factors  (i)  4,r-  -3Gx^?/^  ; 

(ii)  (2.1:^3^)^ -(;r- 21/) ^ 

(T>)  Find  the  G.  C.  M.  of  ac^  -302-1-2  and  cc^  ->-4.r-  -.5. 

{r\  Find  the  L.  C.  M-  of 

12(1 -5c2),  15(l-,3c)  =  ,  and20(.r^-j3=). 

,8)  Simphfy  (i)  -^—  X  -^  X  —  X      .,--_    ; 
c        ha^      cd      46-  -4/x.''- 

'M+4^     \~Ax'     ^l^\x     l+4x^ 

(9)  Solve  the  equations  ([)- -\-z:^  -  —  -  'L'L^  =  23  ; 
^  ^^J       9      27       11  ' 

(il)'^+i^-^'  +  ^^  =  2; 
a3  +  />     .c'  +  c 

(iii)-^-j=i:,  ^t},2- 
^  J.- 

(10)  A  person  walks  a  certain  distance  at  the  rate  of  3?f  milfs 
an  hour,  and  finds  that  if  ho  had  walked  4  miles  an  hour,  he 
would  have  gone  the  same  distance  in  less  time  hy  one  hour ; 
what  is  the  distance? 
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2T0.   26. 
Universlly  of  Carnbrklge,    England. 

(1)  Prove  that  (x  +  AY  -^x+1)'' =d{x+l)  (x  +  ^J  +  ^l 

(2)  Simplif3^  (i)  {a  +  b  +  c}  !_  +  -  +  -)- -~— - — ^—^ — ■ — — — - — -  ; 

(ii) 


a     6     c^  abc 

a"h'  —a''  -6-  +  1 


a?>  -  cf  -  &  + 1 

(3)  Find  the  G. CM.  of  .r^  -4jc-  +2a;  +  o  aud2.r*  -x"  -hx-o. 

(4)  Prove  that,  if  m  and  7i  be  positive  integers,  («'")"  =(a"  )'«. 

(5)  Solve  the  equations  (i)  ^(5.x-  +  l) +  "'^— ^  =x-  +  _^  ; 

7  15 

(u)_L+ 1  =-+^ 

a  +  x    b-\-x      ab 

ax  +  by  =  2,  a&(sc  +  y)  =  or  +  b. 


ITo.  27. 
UniversUy  p/Cambiidge,  Eng. — Second  Frevious  Exauii nation. 

(1)  Simplify-   0(rt-26)  (6  - 2«)  -  («  -  3&)   (4& -a)  -  12a7>,    and 
from  the  sum  of  {-la  -  b)  -  and  (a  -  26)-  take  the  square  of  2(flf  -  b). 

(2)  Define  multiplication ,  product,  and  coefficient-. 
Divide  14a^4-15a=6  +  33rt=&=+3fi«?)'  +  28/>* 

hy  la-  -Sab -\-Ub\ 

(3)  Find  the  value  '^of  (a  -b)-  +  {b  -•  c)-  +  [a  -b)  (b-c)  +  5c= 

when  (7  =  1..  6==  -  2,  c^  i.  - 

(4)  Resolve  into  the  simplest  possible  factors  : 

(i)  Gx^  +bxt/-^i/-  ; 
(ii)  x^  -lo.r-y  +  42.rjr  ; 
Mii)   0/  4::2&  +  ocY  ^  Ufi  +  b-c)-  : 
(iv)  8lcc*  -62o?/\ 

(5)  Define   the   highest    coilimon    factor   of    two   algebraical 

expressions. 
-Find  the  highest  common  factor  of 

Ix^  -  lOx-  '  "iX  +  10  and  2x-'  -  x-  ~'2X'\-'i . 
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(6)  Reduce  to  simple  fractions  in  their  lowest  terms  : 
(i)  ^'  -  7x'j/+  12.V -  ^•/•-'  -  'oxy  +  Ay-  . 
X  -  +  n.T  jy  +  0  y  -       x-  -  +  xy  —  2y^ 

(u)  __^+-  ..,      -,-+ ; 

a;  +  a      n-  -  y      x  —  a 

ab  1       1 

a  — 

(ill) 


"-«+6   .a= 

b- 

o  .    a'6'          1 
a-  -6-       a 

1 

(7)  Solve  the  equations 

,..  x  +  l     2x'-3     ox -2     1^ 
(i) — =  —  It); 

^  ^      5  9  7 

(ii)  ?  +  ?=-U.    ^  +  ^  =  24: 

(iii)  bx'  -17.x +  14  =  0; 

(iv)  X'  +  y^  =ba-  +  bh-  +  Sab,  xy  =  2rr  +  2b-  +  bab. 

(8)  Find  the  value  of  ,x"'  x  .x» ,  when  w  and  n  are  positive 

integers. 
Simplify  a'^v^^i  x  aP^^'i  ^a^i-P- 

ITo.  28. 
Intermediate  Examination,  Ontario,   December,   1878. 

(1)  Multiplj^  403-  -  50^+2^  by  2x  +  };. 
Prove  that 

(i'^  -  yy  -  {x -  ^y)^  is  exactly  divisible  by  x  +  y. 

(2)  Express  in  words  the  meaning  of  the  formulae 

{x  +  a)  (x  +  b)  =  x^'  +{a+  b)x  +  ab. 
Retaining  the  order  of   the  terms,    liow   will  the  right- 
handed  member  of  this  expression  be  affected  by  changing,  in 
the  left-hand  member  (i)  the  sign  of  b  only,    (ii)  the  sign  of  a 
only,  (iii)  the  signs  of  both  a  and  bi^ 

(3)  Simplify  (a  +  6)^ +  («-?>)* -2(a--&3)=  ;   and  show  that 

(/7  4-/>  +  ()  [b  +  c-a)  (a  +  c-b)  (a+b-c)=4a'b- 
when  a-  +b-  —<••. 
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(4)  Prove  that  1'-:  =  ^^. 

Simplify  ('^  +  1)  (  -f-;,)-^  -M^+^. 
^    2ab  /^cf^+b^/     a-ab-+b^ 

(5)  I  went  from  Toronto  to  Niagara,  ob  miles,  in  the  steamer 
"City  of  Toronto"  and  returned  in  the  ••Rothesay."  making 
the  round  trip  in  5  hours  and  15  minutes  :  on  another  occasion 
I  went  in  the  '"Rothesay"  (whose  speed  on  tliis  occasion  was  1 
mile  an  hour  less  than  usual),  from  Toronto  to  Lswiston.  4 "2 
miles,  and  returned  in  the  ""City  of  Toronto."  making  the  round 
trip  in  G  hours  and  30  minutes  ;  find  the  usual  rates  per  hour 
which  these  steamers  make. 

(G)  Solve  --?=! 
X     //     a 

2      12 

X     y     a 

(7 )  Find  3  consecutive  numbers  whose  product  is  48  times  the 
middle  number. 


.2 


(8)  If  ^!*  =  L\    and  ^  +  -/_  =  1;  prove  that 
X     y  cr     b' 

HI'     R'  _rii-  +  n- 

cr      b-      x-+y- 


THIRD   CLASS   TEACHERS,    ONTARIO. 

Note. — Here  follows  the  complete  series  of  paj^ers  set,  for 
Third  Class  Teachers  in  Ontario  from  1S78.  when  algebra  was 
first  required  for  this  grade  of  certificate,  down  to  date.  Where 
Notes  aiul  Hints  seem  to  be  required  tliey  will  be  found  with 
the  answers  in  the  Teacher's  Edition. 

No.  29. 
J  III  I/,   IS's. 

(1)  If  «  =  3,  /;  =  .">.  c=  -9  and  2s  =  fi+b  +  c,  find  the  value  of 

s{s-a){s-b){.>i-c). 

(2)  Prove  that  aH'^±Z^y  +  b'i^!l^^y  =  a'  +b\ 


EXAMINATION    I'APEKS,  ll9 

(3)  Multiply  together  Jp+  s'q-\-  s'^'-   \P-  s''7  -  \^*% 

Jl^  -  \Q  +  n'^''  and   s'P  +  Jq  -  s'''- 

(4)  x^  +y^  is  divided  hy  x^  -  y^  and  the  result  is  divided  by  the 
quotient  of  x  +  y  l»y  x-y.  what  will  be  the  result  if  \x=^  -  ^y.^ 

(5)  Find  two  factors  each  of  x*  +x-  +1,  x;* +  1  and  three 
factors  of  x*^  +  1. 

(6)  Solve  the  equations  : — 

(a)  •^-3|_ll-ag     x-16^_^ 

^2  4  5.\ 

,,,  x-S     1-2JC  ,  2-x     2.r  +  l     p. 
6  4  cc  o 

(7)  A  and  S  could  do  a  certain  piece  of  work  in  15  days  :  B 
and  C  could  do  it  in  20  da3's  ;  in  what  time  could  A  and  C  do  it 
supposing  A  can  do  three  times  as  much  as  C  in  a  given  time  ? 

No.  30. 
July,  1879. 

(1)  Find  the  value  of 

3a5^  +54cc*  +50aj^  -19x-  -3oa:;-18  when  a}=  -17. 

(2)  Demonstrate  the  identities  : — 

(i)     (5??|-  +477171 +  71-)-  -  (3771-  +4777  77  +  7?-)- 
=  477i-(277l  +  ?7)-. 

(ii)  (a  +  6  +  c)  {db-\-bc-\-ca)-abc  =  {a-\-h)  {h  +  c)  (c  +  «). 
(iii)  {a  -h){c- d)  +  (5 - c)  (a  - d)  +  {c-a)  {h  +  d)  =  0. 

(3)  Divide  (771- +a7i-)  {x' ■\-ay-)-a{nx -my)-  by  mx  +  at/y. 

(4)  Prove  that  if  from  the  square  of  the  sum  of  two  numbers 
there  be  taken  four  times  their  product,  the  remainder  is  a  square. 

(5)  Solve  (i)  {x  -  1)  (jc  -  2)  -  (jc  -  3)  (x  -  4)  =  3. 

....      2^3  8 

(11) + = 

^   '  x-l     x-2     x'-Sx  +  2 
(iii)  (x  -  a)  {b  -  c)  +  {x  - b)  (o  -  a)  +  {x  -  c)  (a  -  b) 
=  x-a  -b-c. 

(6)  What  value  of  x  will  make  x-  +2ax  +  b-  the  square  of 
.r  +  c .^     What  is  the  result  when  a=b  =  c  9 

(7)  A  man  is  thrice  as  old  as  his  son.  five  years  ago  he  was 
four  times  as  old  :   how  old  is  ho? 
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No.  31. 

July,   1880. 

(Ij  TT  =3*1416,  <7  =  5  inches  and  /?  =  7  feet  11  inches,  find  the 
value  of  2TT  {ah  +  a'). 

(2)  If  x=  •4:  find,  correct  to  one  decimal  place,  the  value  of 

X*  -  ix^  -  2x*  -  520^-  +  9. 

(3)  lfx  =  ii  +  d.  y  =  b  +  d.  z  =  c  +  d.  prove  that 

x'-  +y-  +z-  —  xy  —  yz  —  zx  =  a-  +  h-  +  c^  -ah  —  be  -  ca. 

(4)  Divide  a ^  +  &^  4-  c ^  -  Zahc  \>\  <7  +  ^  +  c. 

(5)  Find  the  factors  of 

(i)  15jc-  -19xi/-l02/-  ? 
(ii)  15(rt  +  5)-  +  14(a  +  6)  (x-  +  .y) -8(a;  +  i/)". 
(iii)  x^  -  X- y  ~  xy- ■\- y^\ 

(6)  Solve  (i)  (10^-11)  (ll  +  2cc)  +  f5a:-n)  (ll  +  3x) 

+  (7a;-ll)  (ll-5a;)  =  0. 

(ii)  (x-2n  +  l)--(27i-i:)=  =  (j--27i)-. 

(7)  AVhat  value  of  x  will  make  cc^ +3cx- +2c-a?  +  5c^  equal 
to  the  cube  of  x  +  c? 

(8)  If  a-  +b-  =C'  and  s  =  a  +  b  +  c.  prove  that 

{2s^a)'  +  {2s -bV-  =  (2.y-  r  r. 

(9)  Having  75  minutes  at  mj'  disposal,  how  far  can  I  go  in  a 
carriage  at  6§  miles  per  hour,  having  to  walk  back  at  3|  miles 
]:)er  hour  ? 

(10)  I  row  a  miles  down  a  stream  in  b  minutes  and  retiu-n  in 
c  minutes  :  find  the  rat€  at  which  I  row  in  still  water  and  the 
rate  at  which  the  stream  flows. 

Ko.  32. 
Intermediate    Kxamiuafioii.    Ontario.   July.    1881. 

(1)  Factor  x'^  +y^  ;  and  x^  +  y^  +  z^  -  3xyz. 
Utilize  your  results  to  show  that 

(i)  (x  +  zy  +  iy-zV-ix  +  y)  {x-y  +  '2z)" 

^{x  +  y)  (yz-zx  +  xy-z^). 
(ii)  (a- ^bcy  +  (b- -caV'\-(c''-ahy 
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{'J')  If  ((-  -h<=h-  -ca.  and  a  be  not  equal  lo  b.  then 

a{b-  +6c  +  c-)  +  6(c-  -\- ca -^ cr) -\- c(cr  +ab  +  b-)^0. 

( .J )  Show  how  to  find  the  L.C.M.  of  two  ah^ebraic  expressions. 

Find  the  conditions  that  x^  +ax-  +b  and  ./;"  +rx  +  d  may 
liave  a  L.  C.  M.  of  the  form  x*  +px^  +qx-  +rx  +  s. 

i\  c^'      ^■t          {x  +  y)z^      ,       (y  +  z)X^       ,        (z  +  x\(/'' 
(4)  Simplifv   — ^^ — ^'^l + — i^-J i +      -^ — - -•—    • 

(y-z){z-x)     {z-x){x-y^     '■'•-//*'//-"' 
: .')(   Extract  the  square  root  of 

,  i ,  of  1  _  ^'  +ci-L«'  \  (\  -  c-^cr  -b'  w  J  _  ,r^b^-r^  ^ 

"^  2bc        '  V  2cr^        ^  ^  lab 

(ii)  -x-^  +  5C^  +  ^^x-  +  \x  +  ^l. 

1 6 )  Find  the  value  of  x  in 

(x  +  rt)  (6  -  c)  +  (x-  +  b)  (c  -  a)  +  ( .X  +  c.)  u/  -  b\  =  0. 
Explain  result. 

7  I  Find  an  expression  for  7v  in  terms  of  a.  b.  r,  that  will  n.akc 

b-  -c'-  ,  (■-  -<i-  ,  a'  -b'  .  1 

—  +  — + vanish. 

k  —  a        k  —  b        k  —  c 

(8)  If  for  every  S3  of  income ^-1  ha.-<.  i^  ha>  -^2  :  for  ever\-  Sl'2 
A  spends.  B  spends  SI  :  and  for  every  S4  A  saves,  B  saves  Sa  ; 
lind  tlie  proportion  of  his  income  that  .1  saves. 

(9)  Solve  the  equations  : 

a)  .^±i  +  x{x-l)  =  {x-iy. 
5 

....      1111 


x-a     x-2a     x  -  oa     x  -  4a 

(iiil  5^+2a:=+3.r  +  l^a:^-  -x  +  l     x*  -x-\-\ 
X-+X  +  1  x-1  x^-l 

(iv)  x^ +xy-\-y  =  2b\ 
x  +  xy  +  y-  =31  f ' 


No.  33. 
Intermediate  Examination,   1882. 

(\)  Form  an  expression  symmetrical  with  respect  to  x,  y.  z. 
?/,  similar  to  x^  +  ?/^  4-z^  -oxy~  .  and  writf>  down  thp  quofipnt 
on  dividinj.:  it  by  .»'  ]-  y  +  z  -^  tf. 
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(2)  Facxov  ax^ -{a+b)  {x-y)xy -hy^. 
Deduce  or  find  hy  other  means  the  factors  of 

{a-\-hY  (x  +  2/)-(a;  +  2?/  +  z)  {a-c)  {a-\-h)  (6  +  c) 
-(h  +  cY{y  +  z). 
Obtain  four  different  relations  between  the  quantities  a.  h, 
c.  d.  for  any  one  of  which  the  expression 

^{ad-bc)-  -  (a-  +d-  -b-  -c-)'  will  vanish. 

(3)  Find  the  lowest  common  measure,  not  being  a  fraction,  of 

the  -luantities and 

X  +  -4  x-\-h 

(4)  Reduce  to  lowest  terms  the  following  fractions  :  — 

...    6,x^-5jc^-1        ,...         (a-b)  (b-c)  (c-a) 
W i — — r^-     (^0  ^  ^ 


X''  -X*  -x  +  1  {a -by  +('->-c)^  +  {€  -af 

(5)  (\)li  y-\-z  +  u  =  a.  z-\-ii-\-x  =  b.  u  +  x  +  y  =  c.  x  +  y  +  z  =  d. 
1  1  1.1, 

'     then         ^,  /.  c  d 

1  +  ^     1+:^     1+^     l+'l 

x  y  z  u 

(ii)  If  ax  =  b-\-c.  by  =  c  +  a.  cz  =  a  +  b.  then 

1  +J_+  1  =1. 


1+x     1+y     1+z 

(6)  Solve  the  equation  ax-  +bx  +  c=^0. 
What  value  of  x  will  satisfy  the  equation 

b  —  c     c  -  a  ,(^f'  —  ^_r) 
x+a     x+b     x+c 

(7)  Solve  the  equations 

,..,     28         20  9  1 

(ii) ,  - 


x-4:     x-o     x~b     x-1 

\x-  +xy  +  y  =  i. 

(8)  Solve  the  equations 


x  +  y  +  z=   G\  ox-Hy  +  bz^^t^ 

:  +  2'y-z=   4   -  x-4y-\-z  =  l  \ 

f  8?/  +  2"  =  1  ^  I  \.-r  _  (^7/  +  fir  ^  5  I 
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(9)  The  edge  of  a  cube  is  3  feet.  What  must  be  taken  as  the 
unit  of  length,  that  the  number  expressing  the  sum  of  the  areas 
of  the  faces  may  be  the  same  as  that  which  expresses  the  sum 
of  the  lengths  of  the  edges? 

(10)  The  hour,  minute,  and  second  hands  of  a  watch  are  on 
concentric  axes,  the  same  divisions  on  the  dial  answering  for 
both  minutes  and  seconds.  Find  when  first  between  o  and  4 
o'clock  the  second  hand  will  e'lually  divide  the  interval  between 
tlie  minute  and  hour  hands. 


ITo.  34. 
Intermediate  and  Third  Class,  July.   1883. 

(1)  Divide  (i)  {a  -b)c^  +  {b-  c)a^  +  (c  -  a)b^^  by 

{a-b)  (6-c)(c-«); 

(ii)^l±i:-^+2ri,vl_l. 

xy         x-y'^  X     y 

(2)  What  must  be  the  values  of  «,  b,  and  c,  that 

x^  +  ax-  +bx  +  c  may  have  x -1.  cc  —  2.  and  .t  —  3 
all  as  factors  ? 

(3)  Find  the  H.  C.  F.  of 

(i)  3x*  -Ax^  +1  and  4jc*  -  bx^  -x-  +x  +  l  ; 
(ii)  Sx^  -y^  4-272^  +  lSxyz  and  ix'  +12.7*^  +  92=  -?/-. 

(4)  Simplify 

^y-        ^^2x-y       ^     ^  if        ^^Ax-+2xy  +  y'        ' 
,..N   x^ +{a  +  b)x' +  (ab  +  l)x  +  b 
bx^  +  [ab  +  l)x-  +  (a  +  b)x  +  l" 

(b)  Find  the  value  of  x  that  will  make  (JC  +  bd  +  ad  +  bc  . 

x-'Sc  +  2d 
independent  of  c  and  d. 

(6)    (i)  If  a  +  b  +  G  =  0,  then-i+-l  +  4r=  j-  +  ^+-  ]'. 

a-     b-     c-       y  a     b     f  ' 

(ii)  11  x  =  a'  +b-  +c-  and  y  =  ab  +  be  +  ca, 

then  x^  +2y^  -Sxy-  ={(i^  +b'  +c'^  -oabc)-. 
(iii)  If  2a  =  y  +  z,  2/^  =  2  4-  x,  2c  =  x  +  y.  express 
{(i+b  +  c)^  -2{a+h  +  c)  (a-  +b-  +c-) 
in  terms  of  .'■.  //.  and  z. 
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(7)  Find  a  value  of  a  whicli  will  make  the  quantities 

-: Ly — — '  and  I — I — '-i — I — '  equal  to  one  another. 

a  -\-h-\- V  a  +  c  +  d 

(8)  Solve  the  equations 

(i)    ^'x  +  3  -f  s^x  +  2  =  5; 

,...   b-x  ,  b-2x  ,  x  +  1     2  +  bx     ^ 
(ii)   __  + + =  0  : 

3  4  3  2 

(iii)  (x  +  a  +  b)  {c  +  d)  =  {x  +  c  +  d)  (a  +  b), 
where  c  +  d  is  not  equal  to  a  +  b. 

(9)  One  side  of  a  right-angled  triangle  exceeds  the  other  by  3 
feet,  neither  being  the  hypotenuse,  and  its  area  is  18  square  feet. 
What  are  the  sides  ? 

(10)  A  cistern  with  vertical  sides  is  h  feet  deep.  Water  is 
«  arried  awa\'  from  it  by  one  pipe  |  as  fast  as  it  is  supplied  by 
another.  Find  at  what  point  in  the  side  the  former  pipe  must 
be  inserted  that  the  cistern  may  fill  in  twice  the  time  it  would 
did  water  not  flow  from  it  at  all. 


No.  35. 
Intermediate  and  Third  Class,  Jvly,   1884. 

(1)  Divide  {a'  -b')  {x*  - y*) -4abxy{b'X'  -a-y-) 

by  <7-(cc2  ■-y')  +  b'-(x-  +y-)  +  2abxy. 

7i  +  7n  _m  +  n 

(2)  Simplify  (i)      '"'  ^ 


n  —  m     m  —  ii 
m.  n 


/..x  (a-b)  (b-c)  (c-a)  ,  b-c  ,  r  -  a  ,  a-b 

(u)    ,         '+ +  — -  + 

abc  (I  h  (• 

(3)  Resolve  into  linear  factors 

(i)   12(3x*  -  2^)=  -  44(3i>  -  2y)  yAy-  2x\  -  45(4 .t/  -  'Jx) '  : 
(ii)  4{ab  +  cdy-  -  {a-  +b-  -  c-  -  d-)- . 

(4)  Show  that  {a - x  +  ay  4-  z)  (b  -  c)  +  {b-x  +  by  +  z)  [c  -  a) 

+  {c'X  +  cy  +  z)  (a  -  b)  =  {a  -  c)  (c  -b)  {b  -  a)x. 

(5)  If  2/  + 2  =  2a,  z  +  x  =  2b,  x  +  y  =  2c,  find  the  value  of 

(x  +  y  +  z)  {xy  +  yz  +  zx)  -  xyz  in  term-  of  ,/.  h.  and  <•. 


(6)  If 


EXAMINATION    PAPERS.  125 

a-h  _b-c  _     a-vh-\-c 

y-x    z-y    2(cc4-2/  +  2)' 

,,     ,      <7           h           c 
prove  that = = . 

y+z     z+x    x+y 

0  Solve  (i) = ; 

x-2     x-d     cc-6     x  —  1 

,..-.      a  h        a-h 

(ii) E  =  -T-  ' 

x—a     x~o     x+c 

(iii)  {x'-^y-n{x--^)  =  so. 

(8)  Find  the  values  of  x  and  y  that  will  satisfy  both 

?+!  =  2  and  ?  +  ?  =  !. 
X    y  X     y     2 

(9)  A  boy  has  a  bag  of  nuts.  He  gives  three  more  than  two- 
fifths  of  them  to  his  sister,  six  more  than  a  quarter  of  the 
remainder  to  his  brother,  and  eats  three-thirteenths  of  what 
then  remains,  and  finds  he  has  exactly  two-sevenths  of  the 
original  number  left.      How  many  had  he  at  first? 


No.  36. 

Third  Class,   July,   1885. 

(1).  Simplify  a^ +h- +c^  -{a-h-\-c)  {a  +  h-c) 

-{h-c->ra){b-^c-a)-{c-a-\-h){c^-a-h). 

(2)  Divide  a*  +&*  +c*  -  2h'c''  -  2a' c''  -  2a2&2 

by  a^+ft^  -c"-  -\-2ah. 

(3)  Multiply  x'^-^-x^-^  +  x^  -1  by  x^  +  l. 

(4)  Find  the  factors  oi  a-  -h-  +c-  -cV' +2ac  -  2bd. 

(5)  Find  the  factors  of  (a  +  6)-  -  (&  -  c)-  +  (c  +  a)  ^ 


{i^)  Simplify 

X     x  +  c     x  +  2c 

3     ^     3      _      1 

X     x  +  c     x  +  2c     x  +  '6c 

(7)  Find  the  value  of  x  that  will  satisfy  the  equation 

m{x  -  m)  +  n{x-  n)  =  2mn. 

(8)  Determine  x  given 

4{(cc-a)  {x-h)'-{x-c)  {x-d)]={d-cy  -  {h-af . 
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(9)  Solve  the  simultaneous  equations 
1      '^ 

X    y 
x-\-2y  =  xy. 

(lOj  A  drover  bought  12  oxen  and  20  sheep  for  $1,340;  he 
afterwards  bought  10  oxen  and  26  sheep  for  an  equal  sum.  pay- 
ing $8  each  more  for  the  oxen  and  S3  each  more  for  the  sheep. 
What  was  the  price  per  ox  and  what  the  price  i>er  sheep  of  the 
first  lot  ? 

No.  37. 
Third  Class,  1886. 

(1)  Divide  (^+^'-2)'  by^-1 

(2)  Simplify  j(^-4-(j^  +  (-_i).\^+i)- 

(3)  Simplify  {i±y-^^y)^{^i±y\-py\ 

^x-y    x^-y'     ^x'-y     x'-\-y-/ 

W  Prove  that  i.t_*(l -l)-^(i-l)-'— *(i  +  l) 
ah  \7     b^       be     c     o'       ce  ^c     e^ 

is  the  difference  of  two  squares. 

(5)  Resolve  into  linear  factors 

{a-  -\-bc  +  ca  +  ab)  {b'  -^ ca  +  ab +  bc)  {c^-  ^-ab  +  hc-k-ca). 

(6)  Resolve  into  tliree  factors 

(x  +  2/)=  {xJ  ^z-)-{x^z)-  {x'-^y-). 

(7)  Show  that  there  is  only  one  value  of  x  that  will  make 

x^  +6x-c  +  8xe-  +  10c-' 
equal  to  the  cube  of  (x  +  2c),  and  find  that  value. 

/Qx  oi      ^1,  ^-       «^-l     -^-2     £c-5     x-6 

(8)  Solve  the  equation ^  = ^• 

^  ^  ;r-2     x-3     x-6     .7:-T 

(9)  Solve  the  simultaneous  equations 

^x-y  _^y-z  _2z-u  _^u-x  _^~ 
I  2  4  8 

(10)  Find  a  number  less  than  100  the  sum  of  whose  digits  is 
12,  and  whose  digits  if  reversed  form  a  number  which  is  greater 
by  6  than  half  of  the  original  number. 
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ITo.  33. 
Third  Class,   1887, 

(1)  Show  that  (x^+2xy  +  3y''y-{-{y'  -2xy+'6x^y 

is  divisible  by  4x'  +437-. 

(2)  Find  the  product  of 

U-L  

^-JLti  and  1+^-1+^1:1^. 

1  _  _1_  2yz 

X     y  +  z 

(3)  Find  the  G.  C.  M.  of 

2x^  -bx'y  +  6xy''  —2y^  and  2x^  +ox'y-iixy-  +2y^. 

(4)  Find  the  factors  of  aba -ab-bc-ca  +  a  +  b  +  c-1 : 

b{b-2a)-{c'  -a-);  and  512^^ '  +  7/ ^  ^ 

(5)  If  X  and  y  are  the  G.  C.  M.  and  L.  C.  M.  of  a  and  6, 

show  that  xy  =  ab. 

(6)  Simplify 

X  ^  2y    ^  X  __       1 

\x ■>fy){x  +  2y)     {x  + 1/)  (x  +  3.v)     (.r  +  2?/)  (sc  +  3i/)     (x  +  3t/) 

(7)  Solve  the  equations  :  — 

(i)  p{x-q)  =  q{x-p)\ 

(ii)  f  (5x  -  6)  +  K3  -  2cc)  =  t(-  -  3iY 

0^2  ^ 

(8)  Solve  the  equations  :  — 

(i)  x  +  y  =  b,  ax  +  by  =  b^  : 

....   1^1  11, 

(ii)  _  +  _  =  a  ;  -  --  =b. 

X     y  X     y 

(9)  A  person  goes  from  Hamilton  to  Toronto  b\'  boat  at  the 
rate  of  13  miles  an  hour,  remains  an  hour  and  a  half  in  Toronto 
and  returns  by  rail  at  the  rate  of  2<)  miles  an  hour.  He  is  gone 
altogether  six  hours  ;  find  tlie  distance  from  Hamilton  to 
Toronto. 

(10)  A  number  consists  of  two  digits ;  if  these  digits  be 
reversed  the  number  thus  formed  is  less  than  the  first  number  by 
twice  the  greater  digit ;  also,  four  times  one  digit  exceeds  three 
times  the  other  bv  unitv.     Find  the  digits. 
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(11)  A  merchant  goes  into  business  with  a  certain  capital 
which  he  finds  has  doubled  itself  by  the  end  of  the  year.  He 
then  withdraws  $1,000  to  pay  expenses,  and  the  remaining 
capital  doubles  itself  during  the  second  year  ;  he  then  withdraws 
81,000  as  before,  and  so  on  for  four  years.  He  finds  that  he 
begins  his  fifth  year  with  S5.000  ;  how  much  had  he  to  com- 
mence with  ? 

(12)  The  sum  of  two  numbers  is  one-fourth  of  their  product, 
and  if  6  be  divided  by  the  first  number  and  3  by  the  second  the 
sum  of  the  quotients  is  1  :  find  the  numbers. 


No.  39. 
Third  Class.   July.   1888. 

(1)  Simi^liiy  {a +  b  +  c)*  ^{b  +  c- ay  +  {c  + a -by  +  (a -\-b-c)\ 

(2)  (i)  A  cellar,  a  feet  long,  b  feet  wide,  and  10  feet  deep,  is 
excavated  at  c  cents  per  cubic  yard  :  find  the  cost  (in  dollars)  of 
doing  the  work. 

(ii)  A  wall,  X  feet  long,  y  feet  high,  and  z  feet  thick,  con- 
tains 771  bricks  each  a  inches  long  and  /;  inches  wide ;  find  the 
thickness  of  each  brick. 

(3)  Show  that  a:  is  a  factor  of  icc(?/4-2;)  (?/"  +z"  -x^) 

+  hy{z  +  x){z-  +x-  -y^)  +  hz(x  +  y)  {x^ +y^  -z^). 

Find  the  other   factors   and  reduce  the  expression  to  its 
simplest  form. 

(4)  Simplify   ^,P±j:_q{^P^or)-r{p^r)^{p-q^ry  _^^ 

p-q  P'-q-  P'-q- 

(5)  Divide  a\b-c)-\-b*  {c  -  a)-\-c*{a-b) 

hy{a-b){b-c){c-a). 

(6)  What  value  of  x  will  make  f  f  5(5a^ -4)  4-3(3jc- 2)}  exceed 

i{4(4a:-3)  +  2(2:c-l)l  by  il4(6x- 5) -f  3(7x- 6)}  ? 

(7)  Multiply  c^-ip^cy ^bl-ic-ay  ^^  c^-ja-by 

(8)  Find  X  (i)  when  - + ^ =  1 ; 

x+b-a     x+b-c 

(ii)  when  2  -Ice  -  3  -4  =  -020;  +  '3^  -  2 -688. 

'     (9)  Factor  a33-19jc- 30,  ab-  +bc'  +ca-  -  a-b-b-c  -  c^a  ; 
abc  -x^  +  ax{x  -  6)  +  bx{x  -  c)  +  cx{x  -  a). 
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(10)  The  difference  between  the  squares  of  two  consecutive 
numbers  is  987  ;  tind  the  numbers. 

(11)  A  and  B  had  equal  sums  of  money.  ^  then  spent  $55 
and  B  S  J'^.OO.  It  was  then  found  that  one  liad  two-thirds  as 
much  as  tlie  other.     How  much  had  each  at  first? 

(12)  A  speculator  bought  a  house,  expended  $800  in  repairs, 
paid  one  j'ear's  taxes  at  the  rate  of  15  mills  on  the  dollar  (esti- 
mated on  the  buying  price),  and  then  sold  it  for  S5,34G,  making 
10%  on  his  total  outlay.     Find  the  buying  price. 

(iri)  Find  two  numbers  whose  sum  is  503,  such,  that  four- 
fifths  of  the  greater  exceeds  five-eighths  of  the  less  by  seven 
times  their  difference. 

(14)  A  number  consists  of  two  digits,  one  of  which  is  the 
square  of  the  other.  If  six  times  the  greater  digit  be  added  to 
the  number,  the  digits  will  be  inverted.     Find  the  number. 


No.  40. 

Third  Class  Teachers,   1889. 

(1)  (i)  Define  the  terms  quantitj-,  unit,  number,  negative 
quantity.     How  is  quantity  measured  ? 

(ii)  Distinguish    between   the  arithmetical  sum  (")r  differ- 
ence) and  the  algebraical  sum  (or  difference)  of  two  quantities. 

(2)  Factor 

{c  -  x)  (x'  +  ab)  +  {a  +  x)  {x'  -  be)  +  {b-x)  {x-  +  ca). 
What  values  of  x  will  make  this  expression  =  0  ? 

If  a,  b,  c,  X,  are  all  positive  quantities,  under  what  condi- 
tions will  the  expression  be  negative '? 

(3)  If  two  expressions  have  a  common  factor,  prove  that  the 
sum  or  the  difference  of  any  multiples  of  these  expressions  will 
have  that  common  factor. 

Find  the  highest  common  factor  of  the  expressions  : — 
X'{o  -2ij)+x(oX'  -5?/-)  -(2x  +  by)i/, 
x-{o  +  2y)  +  x{Sx'  -by')+l2x-by)y. 

(4)  Add  together  the  following  : — 


a  +  x     (a-b)(a-c)     b-x     {b~c){b-a)     c-x    {c-a){c-b) 
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(5)  Find  all  the  factors  of  cc*  4-4?/*  ; 

2a-  -  6^  4-  ab'  -  a^b-2a- ab  +  2b  : 

(6)  Reduce  to  its  simplest  form 

^.2  _  («5  _  a)  {s - b)  -{s-b){s-  (•)  -  (.s-  -  c)  (s -  a). 
where  2s  =  a  +  b  +  c. 

(7)  Solve  the  equations  :  — 

...  x-4:     x-b     x-l  _x-^  , 
x-b     x-(i     x-S     x-9' 

(ii)  -M^x  -  7)  -  i(x  -  2^)  -  ^1|  +  ^  =  0. 

(8)  For  what  value  of  x  will  the  sum  of  the  following  frac- 
tions be  3  :  — 

{x  -  a)  ^  {x-by  {x-cy       9 

{x -b){x- c)'    {x -c)  {x- a)'    {x -a)  {x-b)' 

(9)  A  person  who  has  $30,000  invested  receives  from  part  of 
it  an  income  of  4f  %  per  annum,  and  from  the  remainder  an 
income  of  5^%  per  annum.  His  total  income  is  SI, 490;  how 
much  has  he  invested  at  each  rate  per  cent.  ? 

(10)  A  piece  of  work  is  done  in  4  days  by  three  men.  A,  B.  C. 
working  together.  ^4  would  require  5  days  longer  than  C  to  do 
the  whole  work  ;  and  the  work  done  by  .4  and  B  together  in  a 
flay  exceeds  that  done  by  C  in  a  day,  by  one-twentieth  of  the 
whole  work.  What  time  would  eacli  require  to  do  the  work  by 
liimself  ? 

(11)  A  whole  number,  greater  than  800  and  less  than  900,  is 
altered  by  removing  the  left-hand  digit  and  putting  it  in  the 
units'  place.  The  new  number  is  three-fourths  of  the  original 
one.     Find  the  number. 

(12)  The  difference  between  the  cubes  of  two  consecutive  odd 
numbers  is  218  ;  state  the  equation  from  which  these  numbers 
may  be  *ound  and  carry  on  the  solution  as  far  as  you  can. 


No.  41. 

Primary  Examination^   1890. 

(1)  Find  the  value  (in  the  simplest  form)  of 

m^ {c  -  n-)  +  n'-^ {m  -  C-)  ->rc'-\in-  n)-  +7nnc{mnc-  l}-l-7 
when  n  -on-  =0. 
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(2)  (i)  Find  the  remainder  when  9a  *  ^  +  4«*'  -  27a*  + 1 

is  divided  by  a^  +  2a^  +  1. 
fii)  Divide,  bj'  Horner's  method, 

(3)  If  0"  + a  is  a  common  factor  of  x~  +px  +  l  and 

X^  +px-  +qx+'i,  show  that  {p -1)- -  q(p  -  1) +  1  =0. 

(4)  Simplify 

(i)  (^  +  y  +  ^)  (x-+y^+z- )  _ / //  +J  +  ^i  +  x ^ x  +  y\ 

xyz  ^    X  y  z 

(ii)      G^  +  y)  (i-i^!/)    _  x{\-xf)Ary{\-x'') 
^  {l-xyy-ix  +  yY     {\-x'-)(\-y')-^xy 

(5)  Resolve  in  factors  : 

(i)  Tx-42?/-2cc2+9a;.v+18i/2. 
(ii)  a6_3^6^3^4_^3_g 

(iii)  {ax  +  hyY  +(ay-bx)-  +c^x^  +c^y^. 

(6)  Solve  the  equations  : 

...   ax  +  b-c_{b--c)-  , 

^^^  ax--b  +  c~{b  +  cy  ' 

....    £C  ,   56-2cc  75C-2 

(ii)  —  + =  X- ; 

61     bhx  +  ^  8^ 

(iii)  (x-2ay  +  ix-2by=2{x-a-by. 

(7)  In  paying  two  bills,  one  of  which  exceeded  the  other  by 
one-third  of  the  smaller,  the  change  out  of  S5  was  half  the 
difference  of  the  bills.     Find  the  amount  of  each. 

(8)  A  man  leaving  his  property  by  will  to  his  three  sons,  left 
one-third  of  it  and  8 1,000  to  the  eldest ;  one-half  of  the  remainder 
and  Si, 000  to  the  second  ;  and  the  rest  to  the  third  who  found 
his  share  to  be  $2,500.  What  was  the  total  value  of  the 
property-  ? 

(9)  The  digit  in  the  tens'  place  of  a  certain  number  of  two  digits 
exceeds  that  in  the  units'  place  by  four.  When  the  number  is 
divided  by  the  sura  of  the  digits  the  quotient  is  seven.  Find  the 
number, 

(10)  At  what  time  between  8  and  8,30  are  the  hands  of  a  clock 
equally  distant  from  the  figure  VI  ? 

(11)  A  and  B  together  own  p  dollars,  -4  and  C  q  dollars,  and 
B  and  C  r  dollars.     How  much  money  does  each  own  ? 
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(12)  A  train  starts  on  a  journey  of  240  miles  ;  after  going  103 
miles  it  reduces  its  speed  by  one-fifth,  and  in  consequence  is  IJ 
hours  late  at  its  destination.  Find  the  ordinary  speed  of  the 
train. 

ITO.  42. 
Primary  Examination ^   1891. 

(1)  (i)  Show  that  Qx-  +13cc?/  +  6t/2  +12x  +  18i/  is  divisible  by 

2x  +  oy. 
(ii)  If  the  product  of  a  and  h  equal 

cc*  -  2x^y  -  ?>x-y'  +4:xy^  +22/*> 
and  if  a  =  X'  —  22/- .  find  h. 

(2)  Factor  (i)  cc- +o<2CC  + 6x4- 10a6-2&^ 

(ii)  x^  -2cc-^-l-cc*  -a*x^  -^-^xa^  -a*. 

(3)  Simplify 

(ii)    ^-y    +    y-^ +    "-^    . 

"^^z^'-ix-yY     x^^-{y-zy     y^- -{z-xY 
x^  y^  z^ 


(iii)  "^ .  +  , ^_ ^  + 


{x-y)  {x-z)     (y-x)  (y~z)     (z-x)  (z-y) 

(4)  State  a  rule  for  finding  the  L.  C.  M.  of  two  or  more  alge- 
braic expressions.  Apply  j'our  rule  to  the  finding  of  the  L.  C.  M. 
oix^  -4a-.  x^  +2ax-  +4a^x  +  Sa^,  and  as ^  -2ax-  -hia-x-Sa^. 

(5)  Solve  the  following  equations  :  — 

...   ox  +  l  ^obx-2a  +  c , 
^^^  ~xTl      b{x  +  l)-a  ' 
(ii)  (i^g  +  n)  {x  +  q)^{x  +  c)  (x  +  a)  , 
x+n+q  x+c+a 

2 

(i'li)  (a  +  x)  n)  +  x)-a{b  +  c)  =  —-\-x^. 

b 

(G)  A  cistern  holding  820  gallons  is  filled  in  20  minutes  by  3 
pipes  which  let  in  water  at  uniform,  rates,  the  first  pipe  admits 
10  gallons  more  than  the  third  and  the  second  5  less  than  the 
third  every  minute.  How  much  water  flows  through  each  pij^e 
per  minute? 
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(7)  A  and  B  liave  the  same  income.  A  contracts  a  debt  eac'h 
year  amounting  to  one-seventh  of  his  income  ;  B  lives  on  four- 
fifths  of  his.  At  the  end  of  10  years  B  lends  A  enough  to  pay 
his  debts  and  has  1 160  to  spare.     Find  the  income  of  each. 

(8)  A  and  B  play  for  a  stake  of  $12.  1(  A  win  he  will  have 
thrice  as  much  money  as  B.  If  lie  lose  he  will  have  twice  as 
much.     What  amount  of  money  does  each  possess  at  first  ? 

(9)  A  man  biij's  m  horses  for  $p  and  sells  n  of  them  at  a  pro- 
fit of  5/^.  At  what  price  must  he  sell  the  remainder  that  he 
may  gain  10%  on  the  whole? 

(10)  A  travels  from  C  to  7)  at  the  rate  of  G  miles  per  hour  ;  B 
starts  from  C  two  hours  after  A,  and  travelling  10  miles  i)er 
hour  reaches  D  four  hours  before  A.  Find  the  distance  from 
rto  D, 
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(1;  Multiply 

l^x{l-2x)+x-{i  -  2xY  +x'^(l  -  2xy  ->rx\l  -  2xj*  +. . . 
by  1  -x  +  ^x"^,  carrying  the  product  to  the  term  containing  x* . 


(2)  The  dividend  is  y- .  y^  +  2?/-  -  oy  -  2. 


i 


the  quotient  is  y.y^  -y^  -1,  and  the  remainder  is  'Sy^  -  1. 
Find  the  divisor. 

(3)  What  must  be  added  to  (a  +  b  +  c)  (ab  +  bc  +  ca)  to  make  it 
•evenly  divisible  b\'  a+b .-^ 

(4)  Put  4rt-6-  -(rt-  +b-  -c-)-  into  four  factors. 

(5)  Put  into  four  factors 

{x  +  2){x  +  6)  {x  +  4:+J6)  (x  +  4:-  ^'^y)-lb. 

(6)  Find  the  H.  C.  F.  of 

Ojc"*  +x^  -3x-  -x  +  i  and  x*  -2x'-^  +X'  -f2cc-2. 

(7)  Simplify 

jl  +  ab)  {i+ac)  _^ (i+bc)  {1+ba)     (l  +  ca)  (1  +  cb) 
{a  -  b)  {a  -  c)         {b  -  c)  {b  -  af     ~([- -  a)J(^b)  ' 

(8)  Find   x   when    (./;-«)-  {l+ax)^{x  +  ay   (1  -  ax)  ;    and 
prove  that  the  value  you  get  satisfies  the  equation. 

(9)  How  much  are  eggs  a  dozen  when  a  rise  of  20;     in  their 
price  makes  a  difference  of  50  eggs  in  the  number  sold  for  $b  ? 
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(1)  (i)  Divide  4^2 +4a(n-l)tZ  +  (n- 1)2^2  b.y  2a +  (n-l)d. 
(ii)  Divide  \-x^  -y^  - Sxy  by  1  -x-y. 

(2)  (i)  Show  that  the  difference  of  the  squares  of  any  two 
consecutive  odd  numbers  is  equal  to  twice  their  sum. 

(ii)  Prove  that  the  cube  of  the  sum  of  any  two  positive 
numbers  is  greater  than  the  sum  of  the  cubes  of  the  numbers, 
by  three  times  the  sum  of  the  numbers  multiplied  by  their 
product. 

(3)  Solve  the  equations  : 

m  2ag  +  3_3a;  +  4^.^^ 
^-^5  6 

(ii)  (x  +  iy+(:d-x)(x  +  b)  =  SQx. 

(4)  (i)  What  is  the  price  of  bread  per  loaf,  if  an  increase  of 
2by  in  the  price  would  reduce  the  number  of  loaves  that  could 
be  purchased  for  one  dollar  by  two  ? 

(ii)  The  breadth  of  a  field  is  two-thirds  of  its  length  ;  if 
the  breadth  is  increased  by  100  yards,  and  the  length  diminished 
by  the  same  amount,  the  new  area  is  equal  to  the  old.  Find 
the  length  of  the  field. 

(5)  (i)  Factor  £c^ -64  ;  x*  +x^y^^  +y\ 

(ii)  Show  that  x  +  y  is  a  factor  of 

{{l-m)x+py}^  +  {mx  +  {l-p)y]^. 

(iii)  Factor  16^2+4^6 -4«r- 126=+ 17fec-6e^ 


(6)  Simplify  (i)il^i);4f):. 
\   J  h'     .   yj  (101)2  +  (99)- 


(101)-  +  (99)- 
(ii)       ^^"^^       +       ^^'"^^       -^       iP-<^l 


{a-b)(a-()     (b-c){b-a)     {r-a)ic-b) 


